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1 - Supplemento al Nuovo Cimento. 


SUPPLEMENTO AL VOLUME XIV, SERIE X No.1, 2969 
DEL NUOVO CIMENTO ; 4° Trimestre 


Parole inaugurali 


DI 


G. POLVANI 


Presidente della Societa Italiana di Fisica 


Con questa breve cerimonia di stamattina, la quale ricalca le mosse e i movi- 
menti delle due precedenti svolte in occasione dell’inizio dei due Corsi — quello 
di Fisica del plasma e quello di Teoria dell’informazione — si inizia questo 
TIT Corso dell’anno 1958 e VIII della serie totale di tutti quelli curati dalla 
Scuola Internazionale della Societa Italiana di Fisica: esso ¢ relativo, come dice 
il suo titolo, ai « Problemi matematici della Teoria quantistica delle particelle 
e dei campi ». 

E stata cura del prof. ANTONINO BoRSELLINO, di Fisica Teorica dell’Uni- 
versita di Genova, organizzare scientificamente il Corso e ora sara sua cura il 
dirigerlo: ed io, conoscendo le fatiche svolte e prevedendo quelle cui si accinge, 
considerando anche sia la maggior lunghezza che questo Corso ha in confronto 
degli altri tre di quest’anno, sia anche alcune particolari difficolta che a questo 
Corso si connettono, desidero anzi tutto rivolgere a lui il ringraziamento pit 
vivo della Societa Italiana di Fisica per il compito assunto. 

Egli vi parlera brevemente, con la sua competenza, delle ragioni per cui 
questo Corso é sorto e del perché in Fisica possono aleuni problemi stretta- 
mente matematici prendere una cosi grande importanza da richiedere di essi un 
particolare studio, e come i risultati che si spera raggiungere per questa via, 
possano di nuova luce illuminare le questioni fisiche — tutte fondamentali — 
da cui questi problemi sono alla loro volta scaturiti. Questo Corso mettera 
dunque l’indice su quelle profonde, essenziali ed intime relazioni tra Mate- 
matica e Fisica per le quali parlando di Fisica si fa dell’altissima Matematica 
e parlando di Matematica si fa dell’altissima Fisica. 

Da qui la collaborazione nel Corso tra matematici e fisici, e la presenza tra 
i partecipanti di puri fisici e di puri matematici. Tutto cid sembrerebbe costi- 
tuire un curioso dualismo, rispecchiato anche dal fatto che i quattro cicli in 
cui il Corso si suddivide si raggruppano anch’essi in due di pura Matematica 
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e in due di pura Fisica (Analisi funzionale, Teoria dei gruppi e altri forma- 
lismi — questioni queste strettamente matematiche —, Caratterizzazione e 
proprieta delle particelle, Equazioni di evoluzione — questioni queste essen- 
zialmente fisiche —); sembrerebbe, dico, tutto cid un curioso dualismo, se i 
due rami di esso non avessero un unico e medesimo scopo: quello di sapere di 
piu e conoscere meglio i modi pit intimi e generali di operare della natura e 
i pit sottili e fondamentali di pensare della nostra mente. 

Il comune e difficile compito di illustrare queste questioni ponendone in 
rilievo i risultati raggiunti, le difficolta che ancora rimangono da superare, le 
insufficienze di impostazione che ancora forse posseggono le trattazioni, é stato 
assunto da un gruppo di quattordici docenti che ho l’onore di presentare e il 
vivo piacere di ringraziare per la collaborazione da loro prestata. 

E seguendo una usanza, che ormai si ripete per Vottava volta in questa 
nostra Scuola, nominerd anche, presentandoli l’un l’altro e ai maestri, gli allievi 
e gli uditori di questo Corso per la scelta dei quali ci siamo veramente trovati 
in grave situazione data la sproporzione enorme tra il numero dei postulanti 
e quello dei posti disponibili e il profondo disagio tra possibilita e desiderio di 
accontentare tutti. Ecco dunque i nomi: 


Docenti: E. R. CAIANIELLO di Napoli, L. GArprne di Lund, M. Goxp- 
HABER di Brookhaven (N.Y.), RK. HAAG di Princeton (N.J.), W. HEISENBERG 
di Géttingen, G. KALLEN di Copenhagen, H. LEHMANN di Hamburg, J. L. 
Lions di Nancy, L. Micuet di Parigi, W. Pauw di Zurigo, G. RAcAH di 
Gerusalemme, B. ToUSCHEK di Roma, J. G. VALATIN di Birmingham, A. 8. 
WIGHTMAN di Princeton (N.J.). 


Allievi: Y. AHMAVAARA di Copenhagen, 8S. ALBERTONI di Milano, D. AMATI 
di Roma, A. O. Barut di Syracuse (N.Y.), J. M. Batmzry di Oxford, 
E. BELLoMO di Genova, J. 8. Bett di Harwell, E. BELTRAMETTI di Genova, 
R. Benersson di Lund, L. Berroccar di Bologna, M. BoureNn di Bruges, 
N. BURGOYNE di Copenhagen, M. CarkAsst di Genova, D. J. CANDLIN di 
Cambridge, E. CoRINALDESI di Stoke-on-Trent (U.K.), G. DELL’ ANTONIO di 
Milano, M. M. Detves di Oxford, V. DE ALFARo di Torino, G. Fano di 
Napoli, M. Froissarr di Ginevra, A. Finzi di Roma, 8. GAstorowrcz di 
Copenhagen, R. GILES di Glasgow, P. GUIMANELLI di Milano, J. HInGEvoorD 
di Amsterdam, G. HOHLER di Miinchen, K. Kap di Birmingham, C. 
KAcseR di Oxford, D. KaAstier di Marsiglia, N. Kanuri di Beirut, J. 
Kyieut di College Park, Md., F. Korver di Instanbul, G. Jona-Lasrnio di 
Roma, Y. LEHRER di Rehovot, A. LOINGER di Pavia, J. T. LEwis di Oxford, 
Rk. Liorra di Roma, G. Luzzatro di Genova A. Mrineuzzi di Bologna, 
G. PASSATORE di Genova, G. PATERGNANI di Padova, L. Picasso di Pisa, 
C. Prron di Losanna, R. PRANGE di Philadelphia, T. REGGE di Torino, P. 
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RomAN di Manchester, ID. RUELLE di Bruxelles, J. RUNDGREN di Stoccolma, 
R. Stora di Parigi, R. SrREATER di Londra, K. SyMANzIk di Gottinga, 
T, TAKABAYASI di Parigi, L. TENAGLIA di Bari, B. ViTALEe di-Napoli, W. 
Wapa di Washington, G. WANDERS di Gottinga, A. WeErR di Glasgow, 
K. YAMAZAKI di Gottinga. 


Uditori: LL. AmeRIO di Milano, R. Ascor1 di Torino, N. AUSTERN di 
Pittsburgh (Pa.), K. BiLEuLER di Neuchatel, P. BoccutEri di Milano, 
F. Durmio di Milano, E. MAGENES di Genova, 8. NAKAMURA di Gineyra, 
G. Propi di Trieste, L. A. RADICATI DI BRozoLo di Pisa, F. RoGER di 
Bordeaux, G. STAMPACCHIA di Genova, M. VERDE di Torino. 


E poiché rifuggo dal pensare che la riconoscenza sia quel sentimento che 
Si prova prima di avere avuto il beneficio, mi si permetta di rinnovare, anche 
in oceasione dell’inizio di questo Corso, le espressioni di viva riconoscenza a 
tutti coloro — gia nominati la volta. passata — che hanno dato il loro 
aiuto finanziario e la loro affettuosa ospitalita, qui a Varenna e in Villa Mona- 
stero, a questa nostra Scuola Internazionale di Fisica, che tanto consenso ha 
ormai acquistato in sede nazionale e internazionale. Essi sentono certo, e con 
loro ugualmente sentono tutti quelli che partecipano a questa Scuola, che 
al di fuori e al di sopra di quei vantaggi scientifici immediati che essa pro- 
duce, un altro vantaggio, su cui tante volte, anzi sempre ho insistito, questa 
Scuola reca per la sua parte; ed é quello che uomini differenti, per nascita, 
cultura, tradizione, possono, spinti dal comune desiderio del conoscere e del 
sapere, avvicinarsi, conoscersi, comprendersi e legarsi tra loro in reciproca stima 
e in totale spirito di libera convivenza. Condizione questa che oggi pit che 
mai sembra necessaria pi che per affermare questa o quella civilta, per 
salvare la Civilta. 


Con questi sentimenti, e con l’augurio che ad esso arridano i migliori ri- 
sultati dichiaro aperto il III Corso 1958, VIII dall’origine della Scuola Inter- 
nazionale di Fisica della nostra Societa. 
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SUPPLEMENTO AL VOLUME XIV, SERIE X WN. 1, 1959 
DEL NUOVO CIMENTO , 4° Trimestre 
Prolusione 
DI 
A. BORSELLINO 
Direttore del Corso 

La tradizione vuole — ed alle tradizioni pare non ci si possa sottrarre — 


che il Direttore del Corso debba tenere un discorso al momento della inagu- 
razione. In tale discorso si vuole che siano illustrate le ragioni che hanno ispi- 
rato la istituzione del Corso stesso, le modalita secondo cui si é cercato di 
realizzarlo, gli scopi che si vogliono raggiungere. Si cerca di fare sia il punto 
sulle questioni in discussione, sia le previsioni sulle direzioni in cui si stanno 
sviluppando le ricerche attuali. Il prof. PoLvant ha gia toccato in prece- 
denza alcuni di questi aspetti. 

To, iniziando il mio dire, desidero innanzi tutto rivolgere a lui ed alla So- 
cieta Italiana di Fisica il pid vivo ringraziamento per aver accolto con favore la 
mia proposta di istituire presso la Scuola Internazionale di Varenna, un Corso 
sopra i «Problemi Matematici della Teoria Quantistica delle Particelle e dei 
Campi». Pienamente convinto che un tale Corso dovesse riuscire di notevole 


‘utilita, anche se non immediata, il mio piacere per il pronto e  partecipe 


accoglimento della proposta doveva essere fortemente diminuito dal conse- 
guente incarico di curarne la organizzazione. Incarico di non lieve respon- 
sabilita, sia per la lunghezza sia per la complessita di un tale Corso, sia infine 
per la difficolta intrinseca dell’esperienza che si vuole attuare. Pur conscio dei 
limiti delle mie capacita, mi son dedicato con passione al compito affidatomi, 
sostenuto ed incoraggiato dalla fiducia e dalla inesauribilita delle risorse del 
prof. PoLvyANI. Ho avuto poi la fortuna di poter contare sull’aiuto del dott. 
Grun10 Luzzarro, dell’Istituto di Fisica di Genova, che fin dall’inizio ha svolto 


‘le funzioni di Segretario del Corso con grande capacita e competenza specifica. 


Anche a lui vada il pit sentito ringraziamento per quanto ha fatto e fara 
ancora durante lo svolgimento del Corso. 

Anche se non vogliamo andare troppo indietro nel tempo, é facile costatare 
nello sviluppo della Fisica periodi di progresso rapidissimo, caratterizzati dal 
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rigoglioso fiorire di nuove concezioni, di nuove idee, che consentono la siste- 
mazione di una grande messe di fatti di esperienza gia noti e stimolano verso 
nuove ricerche. A questi periodi di sviluppo impetuoso seguono talvolta periodi 
pitt o meno lunghi, che non possono dirsi di stasi, ma piuttosto di assestamento, 
di chiarificazione, che preparano il terreno per il successivo balzo avanti. E 
sufficiente ricordare, per tutti, gli esempi piu recenti degli anni intorno al 1900 
e quelli intorno al 1925. 

Se ci soffermiamo a considerare le due concezioni teoriche pit importanti 
che hanno caratterizzato lo sviluppo della Fisica moderna, la Relativita e la 
Meccanica quantistica, é immediato osservare che entrambe queste due teorie 
hanno provocato un notevole allargamento della cultura matematica in nor- 
male dotazione di un fisico. La Relativita richiede uso del calcolo tensoriale 
e delle geometrie non euclidee, la Meccanica quantistica quello degli spazi 
hilbertiani e degli operatori funzionali. Non va sottovalutato il fatto che gli 
strumenti matematici adeguati per esprimere le nuove idee fisiche erano gia 
stati elaborati in precedenza dai matematici e che erano non eccezionali i 
matematici al corrente della problematica fisica. Basterd ricordare PorNcARh 
e MINKOWSKI da una parte, HinBpEerT dall’altra. A proposito di quest’ultimo, 
puod essere qui ripetuta la frase da Ini pronunciata parlando delle difficolta 
che si dovettero superare per dimostrare l’equivalenza della Meccanica delle 
matrici e della Meccanica ondulatoria: «la Fisica é diventata troppo difficile 
(‘zu schwer’’) per i fisici ». Espressione forse troppo pessimistica. 

La Fisica di questi ultimi trenta anni si e sviluppata essenzialmente intorno 
a due nuove concezioni, quella delle particelle e quella dei campi, che hanno 
acquistato una parte fondamentale, ponendo problemi del tutto nuovi, inso- 
Spettati, ed ancor oggi non del tutto risolti. I problemi matematici che 
$i pongono per chiarire questioni che stanno alla base delle concezioni stesse, 
appaiono infatti estremamente difficili, e non é certamente semplice distinguere 
quanto le difficolta che si incontrano siano di natura puramente matematica 
oO siano alla radice stessa delle concezioni fisiche che si vogliono analizzare. 
Una delle idee pit importanti e feconde, che ha permesso di conservare una 
notevole fiducia nelle strutture teoriche attuali, nonostante le loro gravi defi- 
cienze, idea della rinormalizzazione, non pud dirsi certo che risolva in modo 
soddisfacente il problema. Cosi si auspica che idee fisiche, completamente nuove 
e rinnovatrici dei fondamenti della teoria, possano sbloccare la situazione, eli- 
minando le attuali difficolta. 

Tuttavia, in qualunque direzione possano condurci queste nuove idee, deve 
considerarsi molto probabile Vevenienza che esse debbano essere espresse e 
trattate facendo ricorso ad algoritmi matematici pit. potenti degli usuali, cioé 
che si debba far ricorso a strumenti matematici pit generali ed astratti. Ma 
indipendentemente da questa possibilita, si pone il problema, di non trascu- 
rabile importanza attuale, al quale ho prima accennato, cioé quello di capire 
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oggi, nel modo pit completo e preciso possibile, quanto le attuali difficolta 
che si incontrano siano dovute alla insufficienza della Matematica adoperata 
e quanto siano intrinseche ai concetti fisici stessi che si studiano. Ad esempio, 
talune difficolta formali dovute all’uso delle funzioni improprie di DIRAC, pos- 
sono essere sistematicamente eliminate facendo ricorso alla teoria delle distri- 
buzioni di SCHWARTZ, che verra ampiamente esposta nel primo ciclo di questo 
Corso, quello sull’Analisi funzionale. E indubbio che V’uso sistematico di un 
algoritmo matematicamente ben fondato, gia disponibile sul mercato, in luogo 
di uno non legalmente riconosciuto (anche se regolarizzabile), pud facilitare 
sia quel chiarimento a cui prima accennavo, sia i contatti, sempre proficui, 
con i matematici di professione, portandoli ad interessarsi di pit delle questioni 
fisiche moderne. ; 

L’analisi dei rapporti tra Matematica e Fisica ¢ molto interessante sul piano 
metodologico, ma non é qui il caso di soffermarvisi. Tuttavia a me pare si 
possa dire che il verificarsi di un distacco, il perdurare di un reciproco di- 
sinteresse fra la Matematica moderna e la Fisica teorica possa produrre un 
danno non trascurabile per lo sviluppo di entrambe le discipline. Ritengo che 
tutti, nella loro personale esperienza, abbiano costatato le difficolta gravi, anche 
di linguaggio, che si incontrano nei contatti tra matematici e fisici, sulle que- 
stioni che interessano. Alle difficolta tecniche si aggiungono spesso incompren- 
sioni, che generano giudizi di valore di uso corrente, inaccettabili anche se 
possono apparire giustificabili. Si pensi, ad esempio, al diverso atteggiamento 
che correntemente assumono i fisici nei riguardi dei celebrati problemi esisten- 
ziali ai quali i matematici attribuiscono importanza fondamentale. Per un 
fisico, che ritiene di poter dedurre la prova esistenziale direttamente dalla 
Natura, tale importanza @ uno dei tanti aspetti della inutile pedanteria dei 
matematici, cosi privi di senso pratico. E se il matematico spesso si ferma alla 
sola prova esistenziale, al fisico altrettanto sfugge che quella prova, oltre che 
assicurare la consistenza della schematizzazione adottata, fornisce a volte anche 
un metodo costruttivo della soluzione cercata. Mi auguro che mi si vogliano 
perdonare questi accenni polemici. 

Ai fini specifici di questo Corso, ritengo che debba essere considerato un 
fatto positivo della sua organizzazione, che partecipino ad esso in qualita di 
docenti o di uditori, dei matematici puri, i quali, per queste tre settimane, 
potranno rimanere in contatto continuo con dei fisici, seambiare con loro cono- 
scenze, idee, opinioni. Ci auguriamo che tali contatti possano essere proficui 
a tutti, specie agli allievi. 

Del resto, che un Corso di questo genere, qualunque possano essere i suoi 
effetti immediati o lontani, fosse giustificato e soddisfacesse un bisogno sen- 
tito, @ provato dal numero assai grande di partecipanti e dal fatto che nume- 
rose domande di partecipare al Corso, sono state necessariamente e con nostro 
vivo dispiacere respinte per necessita funzionali della Scuola. 
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Dovrei ora illustrare i particolari secondo cui si articola il Corso; ma eredo 
di potermene esimere perché ritengo che, esaminando il programma dei cicli 
di lezioni, risultino abbastanza ovvi i criteri che sono stati adottati. Dird solo 
che verranno seguiti i due grandi filoni di ricerca delle teorie attuali, la carat- 
terizzazione assiomatica dei campi e quella gruppale delle particelle e le loro 


connessioni. Ma meglio che dalle mie povere parole, l’organizzazione del Corso 


si potra ricavare dalle lezioni dei docenti. 

Ai quali desidero rinnovare, anche in questa occazione inaugurale, i rin- 
graziamenti della Scuola sia per la loro partecipazione al Corso, sia anche per 
i preziosi suggerimenti e consigli dati per l’organizzazione definitiva di esso. 
Tl mio ringraziamento va naturalmente anche a quei professori, che pur avendo 
in un primo tempo accettato di venire, per diversi motivi non hanno potuto 
alla fine essere qui presenti. Tra questi desidero ricordare particolarmente i 
professori KATO e DYSON. 

A tutti infine auguro un buon lavoro ed una piacevole permanenza a Varenna. 


a 


In aggiunta alle lezioni ed ai seminari pubblicati in questi rendiconti, durante lo 
svolgimento del Corso furono tenute altre lezioni e vari seminari i cui testi qui non 
compaiono: per completezza ne diamo l’elenco. 


L. Micue. — Generalities on abstract growps. - Representations of a group; Linear opera- 


tors. - Representations of compact growps. - Structure of the Lorentz growp (5 lezioni).— 


W. HeIsenperG — The Tamm-Dancoff method. - The Lee model. - A non-linear spinor 
equation; Group properties (4 lezioni). 


L. GArpine — The Jost-Lehmann-Dyson representation formula (1 seminario). 

M. GOLDHABER — Some problems in weak interactions (1 seminario). 

J. G. Vauatin — Field-theoretical methods in the theory of superconductivity (2 seminari). 
L’ultima giornata del Corso é@ stata dedicata ad una ampia discussione su vari 


problemi emersi: sotto la Presidenza del compianto Professor W. Pautt, diedero un 
vivace contributo a questa discussione conclusiva numerosi docenti ed allievi. 
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10 L. GARDING and J. L. LIONS 


A subset A of MxM’ is called a graph. 


The projections of A on M and M’ are called the domain D(A) and range 
R(A) of A respectively. Formally, 


D(A) =all « such that {a, «’}eA for at least one a’, 
R(A) = all &' such that {a,’«}eA for at least one a. 


If A and B are graphs and A cB we.say that A is a restriction of B and 
B an extension of A. Consider now graphs # with the following property 


10, 0) 400 per = aie Be, 


They are called functions from M to M' (strictly speaking F is a function 
from D(f) to R(Ff)). The graph of Fig. 2 is no function but the following 


ae a 


ies 


Let # be a function. We shall use {«, «} F' and «= F(a) as alternate 
notations. The last one is traditional. What we have done is to identify 
symbol # with what is commonly called the graph of a function. Sometimes 
the elements of M and M’ are themselves functions and the terminology may 
become confusing. In such cases it is customary to use synonyms for the word 
function, e.g. operator, transformation, mapping and, sometimes, functional. 

The values F(x) are then referred to as the operator F applied to « or the 
transform of a or the image of « under the mapping /. Usually, the term 
functional is applied to the case when M’ consists of numbers. 


Example. — Let M be all bounded continuous complex-valued functions « 
defined in an interval I= (a,b). Then, e.g., 


2 
, 


F(a) = | foto da 
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gives a function from M to M’= the real numbers. Let A be the set of sub- 
intervals J of I. Then F(«) = exp [ [o(a) dar| is a function / from Ax WM to 
J 


the complex numbers. In both cases the functions are functionals. Next, put 


(F'(c)) ( [ao 


We get a function (operator, mapping) F' from M to M'= M. The range 
of M is the subset M, of M whose elements are continuously differentiable 
and vanish in a. 


Exercise. — How do the orthogonal transformations, the -Lorentz trans- 
formations, and the Fourier transform fit into the general terminology? 


The fundamental operation on functions is composition. (It could be de- 
fined also for graphs.) Let F be a function from M to M’ and G be a function 
from M' to M’. The composition GoF of G and F is defined by 


(Go F)(a) = G(F(a)) , 


whenever the right side has a sense. In terms of pairs this means that 
Gof =all pairs {x, «’}in MxM" for which there exists at least one «’ in M"” 
such that {a, «}e # and {«’,a"teG. Since F and G@ are functions, «' and a’ 
are uniquely determined by « There is nothing to exclude the possibility 
that Gof is empty. This happens if and only if R(F)n D(G) is empty. Let 
H be a function from M" to M”. Then it is easy to convince oneself that 


Ho(G@oF) = (HoG)oF 


i.e. that composition is an associative operation. 
Let A be a graph. The inverse graph A™ is defined by an operation of 
reflection, 


A-1—= all pairs {«’, «} in M’x M such that a, ae A. 
In particular (A-1)-1= A and R(A-!)= D(A) and D(A-!)= R(A). When 
A = F is a function, 7’ may or may not be a function, but if it is, then 
(FO oF)(«) =a, a €D(F), 
(FoF )(a') =a’, aeR(F). 
In other words, if H=all {x,«} and H’= all {a’,a’'} are the identity 


functions on M and WM’ respectively, then F-'oF and FoF are the re- 
strictions of # and H’ to D(F) and R(F) respectively. 
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To illustrate the concept of inverse function let M = M' be the real num- 
bers and put F(«)=«. Then F- is the set of pairs {«, +Val, («>0). It 
is not a function, but it becomes one by restriction, ¢.g. so that the sign + 
is made a function of « The obvious choices of taking either + or — for 
all « are dictated by continuity requirements which so far do not enter into 
our general framework. 


fl 


Ya 


Fig. 4. 


Haercise. — Let M be the set of continuous real functions in an interval. 
Consider the following operators from M to M. 


(1) F, (a)(w) = 0 (w) + alee) , 
(2) Fy (a)(e) = | a(t) dt , 
(3) F,(a)(w) =| a2 (t) dt. 


a 


Which are their inverse functions? 


The concept of composition very naturally leads to the concept of a group. 
Let M be a set and consider the set € of functions Ff from M to M such that 


(2) F- is a function. 


Let E be the identity function from M to M. It is immediately verified 
that € satisfies the group-axioms: it is closed under composition and the 
equations 

He ee Gy and ts fin a 


have the unique solutions X¥ = F-1o@ and Y = G@oF-'respectively. When M 
has » elements «,,..., %,, then € is nothing but the permutation group of 
n Symbols. In fact, since #-! is a function, 


F(a) , teey Een) 
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is ,for every F in @, a permutation of «,,..., «, and every permutation de- 
fines a function F in C. When WM is, e.g. the real number the group @ is 


too large to be of interest, but it contains interesting subgroups, e.g. all F of 
the form 


F(a) = ax+b, 


where a~0 and 6 are real numbers. When WM is real n-dimensional space, 
€ contains ¢.g. all linear transformations from M to M. 


LITERATURE 


BourRBAKI: Théorie des ensembles. 


2. — Linear spaces (lL. GARDING). 


A set Z with elements 7, g,... is called a linear space over the complex 
numbers C if the following postulates are satisfied. 


1) There is a function {f, 9} ~j-+g from Lx JL to L such that 
f+tg=g9+f, (f+g9)+h=f+ +h). 


2) There is a function {a, f} > a-f from CxL to L such that 


a-(f+g)=a-ftag 
(a+ b):f=a-f+b-f 
1-f=f 
a-(b-f) = (ab)-f. 


3) There is an element 0 of LD such that 
fiodo0=f; a-0=0. 


Heercises. — Show that the element 0 is uniquely determined and that 
—f=—1+f has the property that f+(—f) = (—f)+f=0 for all f. Let f,, ..., fr 
be elements of L and let LZ’ be all a,-f,+...+a,°f,, where a,, ... are numbers. 
Then L’ is a linear subspace of LZ of dimension d <n. If d=n then f,,..., f, 
are linearly independent. 

In the sequel we write af for a-f. The most important examples of a 
linear space is the set ¥(M, C) of all complex-valued functions from a set M 
to the complex numbers and its linear subspaces. Its elements are all func- 
tions f= f(t), t¢ M, with complex values and f+g and af are defined by 


(f+ g(t) =f(t)+ gt) and (af) (t) = af(t) 
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respectively. More generally, let L, be a linear space. Then the set ¥(M, L,) 
of all functions from M to LZ, is a linear space. By choosing a suitable M and 
suitable subspaces of F one gets all important linear spaces that oceur in 
practice. We give a list of examples. 


1) Let M be the numbers 1, 2,..., n. Then ¥(M,C) consists of all 
vectors {&,,...,&,} with complex components. 


2) Let G be an open subset of real n-space and let €*(G) be the set of 
all complex-valued & times continuously differentiable functions from 6 to 
the complex numbers. Then €°(6) is a linear space and €*(G), (k> 0), are 
decreasing linear subspaces of it. We define the support of a function f de- 
fined in 6 to be the smallest closed subset outside of which f vanishes. The 
support is said to be compact (relative to GO) if it is a closed bounded subset. 
of 6. The functions in €*(6) with compact supports constitute a linear sub- 
space D*(O). 


support of g ED" ”y) 


Huo. 


Typical functions f in €*(G) and g in M*(G) are shown in the next figure 
where © is an interval. 


Fig. 6. 


Observe that there are no restrictions on the growth of f near the boundary 
of O. Imposing restrictions like f(#)=0 when « belongs to some subset of G, 
e.g. a finite number of points, we get linear subspaces of €*(G) and D*(G). 


3) The intersections €(G) =n €*(G) and D(G) =N D*(G) are fundamen- 
tal linear spaces of the theory of distributions. Their elements are infinitely 
differentiable functions from 6 to the complex numbers, those in D having 
compact supports. 
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Haercise. — That DM contains functions besides 0 is not trivial. Let s be 
a real variable and put 


p(s) = exp[— (s+ a)-*— (a—s)"1], 


when —a<s<a and 9(s)=0 otherwise. Verify that pe D(R), (R= the 
real line), and construct non-vanishing functions in D(G). 


4) Put D’—od/e2;,, B= D*...D, =a, ...0,,, |Bl=1, |a| =k. Let S™ 
be all functions f in €”(R") for which x, D’f(x) is bounded for |B|<m and 
« arbitrary, (the bound depending on f, « and f). Then S” and the inter- 
section S of S*, S1,..., are linear spaces. The space S is fundamental when 


it comes to taking Fourier transforms of the tempered distributions. 


5) Consider the space H of all functions f from the integers to the com- 
plex numbers such that 


(1) > «(j)|fG)?< 00, 


where « is a fixed function from the integers to the positive numbers. Then 
H is a linear space. We shall see later that it is a Hilbert space. The con- 
dition (1) may be replaced by, e¢.g., 


> #9) |19) |< co. 
We still get a linear space. 


Exercise. — Let L and L’ be two linear spaces. Their set-theoretical pro- 
duct Lx’ is the set of all pairs, 


p= TS, fel, fel’. 
Show that if we put 


pty =ff+yg f+g 
ap = {af, af'}, 


then Lx LZ’ becomes a linear space. It is called the direct sum of L and L’ 
and is denoted by 
L+IL'. 


Eaercise. — Let L be a linear space and LZ, a linear subspace. Consider the 
set M of all subsets of Z of the form 


= f ae Dg ; 
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i.e. translates of Z,. Show that any two such sets are identical if they have 
a common element and that this is equivalent to f—ge,. Show that if 
we put 

g+y=ft+g+L 


ag. = ajf+L, 


then M becomes a linear space whose zero element is L,. The space M is 
called the quotient space of L by L, and is denoted by 


Tae 


Now let Z and ZL’ be two linear spaces and consider functions T from L 
to L’. We say that 7 is linear or antilinear if 


Taf + bg) = aT \(f) + bT(g) 
and 


T(af+ bg) = aT (f) + 67g) 


respectively for all complex numbers a and b and all f and g in D(7). When 
L'= C= the complex numbers, a linear function is commonly called a linear 
functional. For linear functionals one writes traditionally Tf for T(f). 


Exercise. — Show that a subset S of ZX WL’ is a linear function from L to 
L' if and only if it is a function and a linear subset of 2+’. Show that if 
T is linear then D(T) and R(T) are linear subspaces of L and L’ respectively. 
Show that if 7 is linear and 7-! is a function then J? is linear. 


Exercise. — Let T and S. be two linear functions from all of Z into L’. 
Show that aT and 7-+S have the same properties. This means that the set 
L(L, L') of these functions is a linear space. 


Huercise. — Verify the following statements: 


1) Let D® be a fixed derivative and h a fixed function in €(6). Then 
(Tf)(x) = h D® f(a) 


defines a linear function 7 from 


a) EFI G\. to we F(O) 
by » “Dreloy to 2D*(6) 
ce)  €(6) to  €(G) 

d) DG) to DO). 
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2) Let D® and h be as before and let « be a fixed point in G. Then 
T(f) = h(a) D® f(a) and T(f) = [h(w)D® f(a) dw define linear functionals on €'\(6) 
and D!’|(G) respectively. 


3) Let H(z, y) be a function in €°(6x6). Then 


(Tf)(x) =| me, y) fly) dy 


defines a linear function T from D(G) to €°(G). Modify H so that we get a 
linear function from 


a) PyOve sto cr (O) or, C(O) 
b) D(6) to @D*(G) or DG) 
¢c) (©) eee Omer Ge (G)) ae OX ae s((©) 
d) ENO OO (Oy “or, DO}. 


How can one get antilinear functions in all these cases? 


Exercise. — Two linear spaces I and L’ are said to be (linearly) isomorphic 
if there exists a linear function 7 from LZ to all of L':such that T-! is also 
a function (necessarily linear). Show that two finite-dimensional spaces are 
linearly isomorphic if and only if they have the same dimension. For infinite- 
dimensional spaces, the linear isomorphisms (i.e. the functions 7 above) are 
in practice uninteresting but the linear and bicontinuous isomorphisms are 
important. See the fifth section. 


We have seen that if he €(O), then 


Tf) = | f() h(a) de, 


defines a linear functional on (6G). We shall later deal with more general 
linear functionals induced by (Radon) measures. A non-negative measure o 
in G is, by definition, a completely additive non-negative function defined 
on those Borel subsets of G whose closures are compact subsets of 6. For 
every measure o, the integral 


Q) Tif) = | f(a) do (a), 


is a linear functional on ®(G) which determines the measure uniquely. It 
has the property that f >0==+ 7(f) >0 and 


| T(f) |< o(K) max | f(a) | 
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where K is the support of f and o(K) = | do is its measure. More generally 
k 


shall consider complex measures of the form 
du = do, — do, + (do; — do,) , 
where o,,..., 6, are non-negative measures. If 7T(f) = | fdu, we have 


| T(f)|<¢ max |f(x)| , 


where c=o,(K)+...+0,(K). 
The simplest measure is a unit mass in a point y of GO. If this measure is 


called o, we have 
Jr do, (x) = f(y) 


Exercise. — A partition of unity in O is a sequence of functions h; in D(O) 
such that h; >0 and 1= $/4h,(x) for all # and at most a finite number of 
their supports intersect a given compact set. Using the fact that there exists 
a partition of unity in 6, show that to every measure yu there is a continuous 
function h(x) such that | > fdw|<max|h(x)f(w)|. (Hint. There are numbers 
ce; > 0 Choose ¢.g. 


h(v) = ¢ & h,(a)/7¢; , 
Z 


where c¢ is a suitable constant (6/z*).) 


Exercise. — Let w be a measure defined in all of R. We say that w has at 
most polynomial growth if 


<esup|(1+|a|)* f(2)|, 


for some N > 0, (|#| = (>(a7%)*). Verify that such a measure induces a linear 
functional on S°, 


Exercise. — Let w be a measure. It is clear that there is a maximal open 
subset GO’ of GO such that | fdu=0 when fe®D(6’). The complement K of 
O' in O is called the support of u. Verify that K is the set of all points y with 
the following property. There are functions g in M(G) such that | gdu-~0 
and g vanishes outside an arbitrary open sphere containing y. 


Exercise. — Let w be a measure whose support reduces to a point y. Show 
that | fdu=cf(y), where ¢ is a constant. (Hint. Let f be a given function 
with f(y) = 90. Verify that f is the uniform limit of functions g which vanish 
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in a neighborhood of y and use this to show that f(y) =0 => I(f) = 
a [fay = 0. Let h(y)=1. Then I(f—f(y)h) =0 so that I(f) = f(y)I(h).) 


Exercise. — Show that if the support of w consists of a sequence of points 
y; >the boundary of 6, the q fdu = > 6; flys), where the c¢; are arbitrary 
constants. 
LITERATURE 


BouRBAKI: Algébre linéaire. Hspaces vectoriels topologiques. 
Scuwartz: Théorie des distributions. 


3. — Seminorms and topology (lL. GARDING). 


Let ZL be a linear space. A function p from ZL to the non-negative real 
numbers is said to be a seminorm if 


(1) p(af) =\a\ pf), 
(2) : Pf + 9) < Pl) + P(g) - 
A seminorm is said to be a norm if, in addition, p(f)=0 implies that f=0 


Exercise. — Show that all f such that p(f)=0 form a linear space M and 
that p(f+g)= p(f) when ge M and f is any element 7 of L. 


Exercise. — Let L have finite dimension and let f,,..., f, be a basis. Then 
every f in Z has the form > «,f, where the numbers «; are the co-ordinates 
of f. Let o,,..., 0, be fixed non-negative numbers. Show that p(f) = > o;| 2; 
and q(f) = (dox|«.|?)* are seminorms which are norms if all the numbers o; 
are positive. Other examples of seminorms at the end of this section. 


Exercise. — Let p be a seminorm and let U be all f in ZL which satisfy 
p(f) <1. Verify that U contains the origin and is convex, i.e. that if f,geU 
and 0<4<1, then Af+(1—A)geU, that aU=|a|U, (U is symmetric), and 
that any f in LZ belongs to some AU to some AU for 4 large positive (U is ab- 
sorbing). Conversely, let U be any subset of L with these three properties. 
Verify that 

pif) =int| Al, 


where A is such that feAU, defines a seminorm p. Draw a picture of a 
typical U. 


Exercise. — Let a> 0 and let p and q be seminorms. Show that ap, p+q 
and max (p,q) are seminorms. Two seminorms are said to be equivalent if 
¢,p(f) < q(f) < e.p(f) for all f and fixed positive constants c, and ¢,. Show that 
p+q and max (p, q) are equivalent and, more generally, that p,+...+p, and 
Max (p,,.--) Pm) are equivalent. 
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A collection x of seminorms p on a linear space is said to be separating 
if, for every f~0 in L, there is a pew with p(f) #0. In particular, any z 
which contains a norm is separating. 


Exercise. — Let x= {p} be a collection of seminorms on a linear space L. 
Show that all elements f in L which have the property that p(f) = 0 for all 
pen form a linear space L, and that p(f+g)=p(f) for any f and all ge Ly. 
Thus p is constant on subsets of Z of the form =f+L,. Show that if we 
put p(é)= pif), then p becomes a seminorm on the quotient space L, = L/Iy. 
Verify that in this way, z becomes a separating collection of seminorms on Jy. 


A separating collection a of seminorms on a linear space defines (induces) 
what is called a (linear, convex) topology t on L in the following way. We 
define an interval around g € Z to be all f such that 


piAf—9) <6, (j = 1, 2) «ez, N), 


where p,,.... Py is any finite collection of seminorms in zw and &,..., éy are 
any positive numbers. Next definition: a neighborhood of g eZ is any sub- 
set of LZ which contains an interval around g. 


Remark. — Our terminology is justified by the fact that our neighbourhoods 
fulfil the axioms of neighborhoods in a topological space. 


Exercise. — Show that if N is a neighborhood or an interval around 0, then 
g-+-N is a neighborhood or an interval respectively around g. Show that the 
assumption that a is separating means that all the neighborhoods of any 
« point » g have only that point in common. 


Let us now identify the topology +t with the collection of neighborhoods 
of the origin which we get from a separating set a of seminorms (since the 
other neighborhoods are simply translates of these, we can leave them out). 
Then we can compare topologies. We say that t,c t, if every t,-neigh- 
borhood is also a t,-neighborhood. Then, if tT,C tT, and tT, T,, the two topo- 
logies are the same. 


Exercise. — Show that t,ct, if and only if every 7,-neighborhood contains 
a T-neighborhood. 


Exercise. — Let a, and xz, induce the topologies t, and t,. Show that 
TCT, if and only if z, dominates a, in the sense that to every pea, there 
are SeMiNOrMS q;, ..., GmEM, and a constant ¢> 0 such that p<c max (q, «.-) Um)- 
Corollary: t, = Tt, if and only if z, and x, are equivalent in the sense that z, 
dominates z, and conversely. Two norms induce the same topology if and 
only if they are equivalent. 
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Heercise. — Show that any two norms on a finite-dimensional space are 
equivalent. Show also that any two separating collections of seminorms on 
a finite-dimensional space induce the same topology. (Hint. Let f,,..., f, be 
a basis and choose to every f; a seminorm p,;éz such that p,(f;) > 0. Show 
that a induces the same topology as p= max (py, ..., Pn)-) 


Hexercise. — Let L be the linear space of all bounded complex-valued functions 
on the integers. Show that the two norms 


Pf) = Ypelfh)}, af) = Yael H*)|, 


where all p, and q, are positive, and > Dp, and dx converge, are equivalent 
if and only if the numbers q;/p, and p;/q, are bounded. This shows that LZ 
has different topologies. 


Let us now define the usual topologies of the spaces €*(G), €(G), D*(G), 
and @D(G). They can all be defined by seminorms of the type 


p_\f) = sup | P,(”)||D, He)|; 


where y= {p,} is a set of continuous functions subject to the following re- 
strictions. 


€*(G): every yp, has compact support and vanishes when |«|> k. 

€(6): every m, has compact support and vanishes when |«| is large enough. 

D*(G): no restrictions on the growth of vy, at the boundary of 6, but vy, —90 
when |a|>k. 

D(O): no restrictions on the growth of m, at the boundary of 6, but to eve- 
ry compact subset K of G there is an umber m (depending on K and 
the collection y) such that p,=0 on K when |«|>m. 


Euercise. — Let K,c K,c... be a sequence of compact sets which exhaust 6. 
Show that we get equivalent sets of seminorms in all cases if we replace the 
condition that y, be continuous by the condition that p, is continuous on 
all K;,,— K;. 


The topology S” is defined by the following simple set of seminorms, 


Pxaf) = sup |x, D* f(x) | , lal|<k, IB)<Jj, 
where k= 0,1, 2,... and j<m. For the space S we take the same seminorms 
with j unrestricted. Let LZ be a linear space with a topology t induced by 
a set of seminorms a= {p} and let M be a subset of ZL. We say that f is a 
limit point (element) of M if any neighborhood of f contains elements in M. 
In our case, an equivalent statement is the following. Given any finite set 


22 L. GARDING and J. L. LIONS 


of seminorms 7,,..-) Pm in x and positive numbers ¢, ..., én, we can find a g 
in M such that p,(f—g)<«,, j=1,..., m. The set M together with this 
limit points constitutes the closure M of M (relative to the topology 7). When 
M=L, we say that M is dense in L. 

Evercise. — Show that M= M. 

Exercise. — Show that DM*(6) and D(O) are dense in €*(G) and €(O) re- 
spectively. 

Exercise. — Let {L,}"", (m= co permitted) be linear topological spaces. 
Their direct sum 

DL=IL,+ D,4+ ... 


consists of all sequences 
REO eonal f,EL,;, 


with the natural linear operations. Let Z; have the topology +; induced by 
a set a, of seminorms p;. Verify that: all 


pf) = pili) + (finite sum) 


defines a separating set of seminorms on L. This defines the topology on a 
direct sum. 
LITERATURE 


BourBak1i: Hspaces vectoriels topologiques. 


4. — Complete spaces (LL. GARDING). 


Let L be a linear space with a topology induced by a set of seminorms {p}. 
We say that a sequence {f;}° of elements in LZ tends to a limit fe TL if 
p(f; — f) tends to zero with 1/j for every p. This means that for every p 


D\fis— fr) > 9 as min (j,k) > co. 


A sequence with this property is said to be a Cauchy sequence. The space L 
is said to be complete if every Cauchy sequence has a limit. (This is not quite 
true, one has to require the same for generalized sequences, Cauchy filters, 
but we do not go into that. If the topology is induced by some countable set 
of seminorms, it suffices to consider Cauchy sequences.) 


Kxample. — Let L be all continuous functions from a closed bounded in- 
terval I on the real axis to the complex numbers with the single norm 


p(f) = sup| f(x) |, aoe 
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If f; is a Cauchy sequence, then f;(x) is also a Cauchy sequence for every « 
and consequently f(x) = limf,(x) exists. Also, p(f;—f) +0 as j + oo and it 
is a classical fact that f is continuous. Thus, Z is complete. It is a simple 
example of a Banach space, i.e. a complete linear space with a single norm. 
Let L, be the set of all polynomials in Z with the norm above. Then J, is 
a linear space but it is not complete. In fact, by Weierstrass’ theorem any 
feL can be approximated by polynomials g; in such a way that p(f; —g;) +0 
as 7 > oo. 


Exercise. — Use the, example to prove that the spaces €*(6), €(6), 
S* = §*(R"), and S(R") are complete. 


Exercise. — Show that if f; > 0 in ®(6) then the supports of the f; are 
contained in a fixed compact set. (Hint. If f;(xv;) 40 and #;-—> the boun- 
dary of 6 we can construct a continuous function g such that | y(x,)f;(x;) | > oo. 
This means that p,(f;) > co and we have a contradiction.) Use this to show 
that the spaces D*(G) and D(O) are complete. Verify the statement that 
f;— 0 in @(G) if and only if the supports of the functions f; are contained 
in a fixed compact set K and all the derivatives D,f; tend to zero uniformly 
on K. Find analogous statements for the other spaces. 


A complete space with a topology which can be defined by a countable set 
of seminorms is called a Frechét space. The spaces €*(G), €(G), S*, and S 
are Fréchet spaces. Let G be an open subset of O with compact closure and 
let Di(@) be all elements of D*(G) which vanish outside G and analogously 
for D,(@). These spaces are also Fréchet spaces, but the spaces D*(O) and 
D(C) are not. 

Any incomplete linear topological space LZ can be imbedded into a com- 
plete space £, which we get from L by a construction involving Cauchy se- 
quences, analogous to Cantor’s construction of the real numbers from the 
rational ones. The space L is dense in its completion L, which is essentially 
unique (in the sense of a linear topological isomorphism, see the next section). 
Sometimes, this universal procedure, which we do not go into, can be re- 
placed by integration theory. We shall consider a simple case. Let o be a 
non-negative measure on O and let L be the set of functions in €°(6) for which 


1/y 
<= (0075 


P(f) = P,{f) =| [lie|ra0t 


where y >1 is a fixed number. The right side is a seminorm. In fact, it is 
trivial that p(af)=|a||f| and, by Minkowski’s inequality, we have p(f+g) < 
< p(f)+p(g). Let LZ, be the linear space of all f for which p(f)=90. When p 
is a norm, L,—0. The space L, = L/L, is not complete in general. Its com- 


> 
“> 
st 
- 
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pletion £, can be described as follows. Taking successive monotone limits 
of the real and imaginary parts of the functions in €°(@) we arrive at the 
class B of complex Baire (Borel measurable) functions for which the integral 
p(f) is well defined and may be -+-co. But since there is no unique way of 
adding or multiplying complex numbers of the form «-+-7f ,where a or « or 
both are -+co or — oo, B fails to be a linear space. In fact, when f,g eB, 
af and f+g are not defined in certain points where the values of the functions 
are infinite. 

Let us, however, restrict ourselves to the set B, of all Baire functions with 
pif) < co. Then one can prove that the set H of G where fe B, is not finite 
is a set of o-measure zero in the sense that if B,5g=0 outside H then 
p(g) = 0. This means that if we modify the definition of B, so that it consists 
of all Baire functions f with p(f)< co which are defined except in sets of 
t-measure zero (depending on f), then B, becomes a linear space and the set 
By, of functions f in B, for which p(f)=0 form a linear subspace. The com- 
pletion of L, can now be described as the space B,/B», equipped with the norm p. 
Space of this kind with y= 2 play a great role in the theory of Hilbert spaces. 
Their complicated nature makes them almost inpalatable to a physicist, but 
in mathematics they are as inevitable as the real numbers. 

The theorem that B,/B} is complete was first proved by F. Riesz and 
FISHER -(1908) in the special case. when © is an interval on the real axis, 
yz and de = dy. : 


Exercise. — Let. 6 be concentrated to a sequence of points, 2, %,..., and 
put o,=o(2,). If the sequence has a limit just inside 6, suppose that 
> o.< co. Then 


Pf) = [>| flan) |? oJ” - 


Show that a subset of G is a nullset if and only if it does not contain any 
point #,. Ifo is an ordinary Lebesgue measure on G, the nullsets are those 
of Lebesgue measure zero. 


LITERATURE 


BourBakt: Intégration. 
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5. — Continuous linear functions (L. GARDING). 


Let LZ and L’ be two linear topological spaces with topologies t and 1’ 
respectively. A function (transformation) 7 from L to L’' is said to be con- 
tinuous at fe L if, to every neighborhood N’ of Tf there is a neighborhood 
N of f such that T(V)c N’. For linear functions defined in all of Z we 
have the following theorem. 
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Theorem 5'1. — The following three conditions on 7 are equivalent: 
1) T is continuous. 
2) T is continuous at the origin. 


3) To every seminorm p’ on J there are seminorms 7p,, ..., 7, on DZ and 
a positive number ¢ such that 


(1) p (Tf) <e(p,(f) +» + Pmlf)) 
for all f in LD. 


Proof. — We shall prove the logical chain 1) > 2) > 3) > 1). .Its first link 
is obvious. Consider the second. Since p’(f’) <1 defines a neighborhood of 
the origin in L' we know from the continuity of 7 at the origin that there 
exist seminorms 7p,,..., p, and a number ¢> 0 such that 


(2) pg) <e = p'(Tg) <1, 


where p=p,+...+pm-. The left inequality holds for g=ef/p(f) where f is 
any element with p(f) #0. Hence 


parte 
p(t om) <2 
4.€. 


(3) p(Tf) <e*plf) , 


whenever the right side does not vanish. If it vanishes, we get from (2) that 

> p'(Laf)=|a|p'(Lf) for any complex number a and consequently p'(7'f)=0. 
Hence (3) holds for every f. This proves that 2) = 3). The proof that 3) > 1) 
is left as an exercise for the reader. 


Remark. — When L and L’ are normed spaces with norms p and p’ respec- 
tively then (1) reads 


p' (Tf) <epl(f) . 


In view of this, continuous linear transformations are often characterized 
as being bownded. We say that Bc L is bounded if p(B) is bounded for every 
seminorm p. Verify that a linear continuous function sends bounded sets 
into bounded sets. When the topology of I can be defined by a countable 
number of seminorms, the converse of this proposition is also true. 


~ 
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Exercise. — Let L have finite dimension. Show that any linear function 
from L to L’ is continuous. (Let f,,..., fn be a basis of LZ. Write f= > azf,. 
Then p'(Tf)<da.p'(Lf,) and the right side is a seminorm on L.) 


Ewercise. — Verify that all the linear transformations 7 defined at the end 
of Section 1 are continuous, when the spaces have their usual topologies. 
(Hint. Take e.g. (Tf) (#7) = hD, f(x) considered as a transformation from 
€*+151(6) to E*(G). We have 


p, (Lf) = sup >| Aa) p, («) D, Dg f(a) | , |a|<k, 


where the right side, by definition, is a seminorm in €**!4!(G).) 


Eaercise. — Let he €(k") be of a most polynomial growth and let D, be 
a fixed derivative. Show that (T7f)(x)=h(x)D, f(x) defines a continuous linear 
mapping from S to S. 


Hxercise. — Let L be D(G) with the topology defined by the single norm 
p(f) = max |f(v)|. Let D,, (|B|> 0), be a derivative. Show that (Tf)(x) = 
=D, f(x) defines a discontinuous linear transformation. 


(This is no contradiction. We have taken a different topology on D(O). 
When nothing else is said, we mean by D(O), D*(G), €(G), €*(G) and S these 
spaces equipped with the standard topologies.) 

Continuous linear functionals on D(G) are called distributions. We shall 
get explicit expressions for them in this section and analyse them more closely 
in the next section. 

Let Z be an arbitrary linear topological space equipped with a topology t 
induced by a set of seminorms w= {p}. All continuous linear functionals in 
I form a linear space L*; called the dual space of Z. The following celebrated 
theorem tells us that Z* has plenty of elements. For convenience we shall 
write linear functional instead of continuous linear functional from now on. 


THEOREM 5'2 (Hahn-Banach). — Let ZL be a linear topological space. Any 
linear functional A defined in a subspace M of LZ can be continued to a linear 
functional A, defined on the whole of L. If | A(f)|<p(f), (f¢€M), for some 
Seminorm p, then A, can be chosen so that |A,(f)|<p(f) for all f in L. 

We shall not prove this theorem, but we are going to apply it. 


Hxercise. — Verify that there exists an Ae L* which reduces to a given 
linear functional on a given finite-dimensional subspace M. Use this to prove 
that if f,eL and A(f,)=0 for all A in Z* then f,=0. (Hint. Construct a 
Suitable linear functional on the space spanned by fy.) 
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Eeereise. — Let D= L1,+L,4... be a direct sum of linear spaces Z;. Show 
that every element T of Z* has the form 


T(f) = > Tif) , 


where Z7,¢L; and the sum is finite. 
We can now describe the duals of the spaces D*(G), D(G), €*(G), E(G) 
and S. 


THEOREM 53. — Every element 7 of D°(G)* has the form 


r(f) =[taw, 


where mw is a complex measure. 
We do now prove this theorem which is essentially due to F. RrEsz (1909). 


THEOREM 5'4. — Every element T of D*(G)* has the form 


Tf) = E [Daf du. lal <k, 


where the uw, are arbitrary measures. 


Exercise. — Let L,, |x|<k, be copies of the space D°(€) and let L= > L 
be their direct sum. Using the linear mapping 


a 


D*(6) af {Df , la|<k, 
we can identify D*(O) with a linear subspace of Z. Use the Hahn-Banach 
theorem to prove Theorem 5'4. 


THEOREM 5'5. — Every element 7 of D(O)* has the form 


T(f) = 3] D.fdy. 


where the w, are measures with the property that to any compact subset K 
of G, there is an N such that w,=0 on K when |a|> WN. 


Exercise. — Let GO’ be an open set with compact closure in 6. Show that 
every TeD(G)* when restricted to D*(G') gives an element of some D*(G’) 
and use this observation to prove Theorem 55. (Use a partition of unity.) 
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THROREM 5'6. — Every element 7 of €°(G)* has the form 


T(f) = [fan 


where « has compact support in O. 


Euwercise. — The notion of support, previously given for measures, carries 
over to any 7 in the duals of the spaces we are dealing with now. Show that 
any Zc €(G6)* has compact support and use this to prove Theorem 5°6. (Hint. 
Tf 7 did not have compact support, we can find a sequence h; of functions in 
D(C) whose supports tend to the boundary of O and are such that T(p;)=1. 
Verify that g;>0 in €(6). This gives a contradiction.) 


THEOREM 5'°7. — Every element T of €*(6)* has the form 


Tf) = E [Dafa (a|< 


where the uw, have compact supports. 


THEOREM 5'8. — Every element T of €(G)* has the form 


Tf) = S| Dataue 


where the w, have compact supports and vanish for large enough |«|. 
Exercise. — Prove these theorems using the method of proof of Theorem 5°4. 


THEOREM 5°9. — Every T in S™* or S* has the form 


Tf) = 30. f du. ’ 
where the w, are of at most polynomial growth and u,=0 when |«|>j or 
when |«| is large enough, respectively. 
Hixercise. — Prove Theorem 5°9 by reducing it to the special case j= 0. 


Exercise. — Let L be a linear topological space and let L* be its dual. 
Verify that 


(1) pA(L) =|T(p)|, f fixed in LZ, 


is a seminorm on L*. We recall that a subset B of L is said to be bounded 
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if, for every seminorm p, the set p(B) = all p(y), (g ¢B), is bounded. Verify 
that, 


a p,(T) = sup| Tf) |, feb, 


is a seminorm on L*. Verify that (1) and (2) define separating sets of semi- 
norms aw and xz’ on L* and that aca’. These sets induce topologies on L*, 
called the weak and strong topologies respectively. Accordingly, one speaks 
of L* as being the weak and strong dual of LZ. We shall use the strong dual. 
It is convenient to use the notation 


Fif=<Fyp, 
where fe L* and fel. 


Hwxercise. — Verify that for fixed fe L, <F,f> is a linear continuous func- 
tion of Fe L*. 


Let I and M be linear spaces and let A be a continuous linear function 
from Z to M. Then <F, Af>, (Fe M*, f € LZ) is a linear continuous function 
of fe and consequently there is an A*MeL* such that 


CARL tte Cr, AT, (all f in LZ). 

Exercise. — Verify that A* is a continuous linear mapping from M* to 
L*, It is called the adjoint of A. 

Heercise. — Let Af= > <Fi, fg, where F, and g; are fixed elements in 


I* and M respectively. Show that 


A*G = = <4, 9u> Fir 
where Ge M*. 


We have the following simple and important theorem, which we shall use ' 
frequently in the special case when M = L. 


THEOREM 5°10. — If A-! is continuous, then A*M* = L”*. 


Proof. — Let Fe L*, then <#’, f> is a continuous function of g= Af. Ex- 
tending it from AL to M, we see that G € M* exists such that <F’, f> = <@, Af> 
foppaliepe Jo 1.6. A*G — FH. 


Remark. — If LI is a Fréchet space, the converse of this theorem is true. 


Hewercise. — Use the theory of linear systems of equations to prove Theo- 
rem 510 when Z and WM are finite-dimensional. 
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Let L be a linear topological space and let L* be its adjoints. We have 


seen that 
CE ty, (Fe L*, feL), 


is a continuous linear function of / when f is fixed. If every linear functional 
on L* has this form, we say that Z is semi-reflexive. If, in addition, the 
topologies on LZ and L** coincide, we say that L is reflexive. It can be shown 
that the spaces €(6), D(G) and S(R") are reflexive. 


Exercise. — Show that every finite-dimensional space is reflexive. Show 
that the space of summable sequences is not reflexive. (Its dual are the bounded 
sequences and has more continuous linear functionals than those given by 
the summable sequences.) 


LITERATURE 


BourBAkI: Hspaces vectoriels topologiques. 
Sciwartz: Théorie des distributions. 


6 — The technical theory of distributions (L. GARDING). 


61. Introduction. — We have defined distributions as continuous linear 
functionals on O= D(G) and we know that every distribution has the form 
given in Theorem 5°5. In particular, every function g in €°(G) gives rise to 
the distribution 


9; h»> =|4 (x) h(x) dx ’ 
which we shall identify with g. It is useful to extend the notation on the 


left side by writing 
<(T,h> = Tih) 


for an arbitrary distribution 7. Sometimes we shall also abuse the notation 
of the integral, writing 


(6.1) <P, hp af (x) h(x) d(a) , 


although it does not make sense to speak of 7’ as a function. 


Example. — When © contains the origin, <6, h> = h(0) defines a distribu- 
tion 6, Dirac’s distribution. Improperly, 


h(0) = [he O(a) dx , 


where 6 is Dirac’s «function ». Sometimes one writes 6(x,) ... 6(v,) instead 
of d(x). 
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62. Supports. — Let T be a distribution and let GO’ be the largest open 
subset of G such that 7 vanishes in O' in the sense that 


ReQols<Th> = 0. 
The complement of GO’ in G is called the support of 7 and we shall denote it 
by supp 7. 
Exampie. — Supp 6 is the origin, and supp 7, ... %, is the whole space. 


Hezercise. — Let K =supp T be compact. Verify that 7 extends in a na- 
tural way from Z(G) to €(G). (Let ye D(G) be 1 in a neighborhood of K. 
Define <7, h> = <T, ph> when he €(G)). Verify that the space €(G)* is iden- 
tical with the set of those elements of D(G)* which have compact supports. 


6°3. Order. — Let O’cG. The order of T in O’ is defined as the least 

integer m for which 
|<T, h>|< max|D*h(x)|, al|<m; he DO’). 
When no such integer exists, we say that the order of T is infinite. 
+o 

Exercise. - Let G= O6'=RF and put <T,h>= > hj). Verify that the 
order of 7 is infinite. Let G’CG be compact. Verify that the order of 7 is 
finite in O’. 

When £K is compact, the order of 7 is defined as the infimum of the orders 


of 7 in the open sets O’ such that 6’5 K. 
A derivative D°T of a distribution 7 is defined by the formula 


<D°T, h> = (—1)"'<T, D*h). 


Verify that this coincides with the ordinary definition when T e €(6). 


Example. — One has 


<D%), hy = (—1)"'D*h(0) . 


Hexercise. — A measure fu gives rise to the distribution defined by f hdu. 
We shall also denote it by <u, h>. Verify that every distribution 7 is a sum 
>¢,D*u, and specify the sum and the supports of the measures according 
as Te D(G)*, D*(O)* and so on. 


Exercise. — Verify that T +> D*T is a continuous mapping. (It follows 
from the fact that h—(—1)!*!D*h, (hE @D(G)), is continuous.) 
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64. Distributions whose supports are a pownt. 


THEOREM 6'1. — Any distribution 7 whose support is the origin has the| 
form > c¢,D*6, (finite sum) and conversely. | 


Exercise. — Prove the theorem by verifying the following statements. 
1) Teé™(R")* for some m> 0. 


2) Let g,e€ be 1 for |x| >1 and 0 for |w|<4. Then |x|?9, (a/e), 
{e +0), tends to |w|?" in €”(R”). 


3) <T,h>=0 when h vanishes of order 2m at the origin. 


4) Let Ph be the beginning of a power series for h at the origin to order 
2m. Then CT h>= <1) .Ph. 


Exercise. — Formulate the theorem for an arbitrary point instead of the 
origin. 


65. Regularization. — Let g,eD have the property that g, >0 and 
fos(a)da=1. Then, if g(x) =«-"9,(e/e), one has 


Xo, h» sii <Q, h» ) 
e—>0 
so that 6 is a limit of functions. 


The same process can be applied to an arbitrary distribution if we intro- 
duce a convolution T'*q@ defined by 


(LT * p) (2) =| tev —y)dy.. 
Then Txpe€(O’) if O'+eK CO’, (K =suppy,), and 
(Teg, hy = <2, hep, (G2) =¢(— am). 
Since h*xg —>h in D as ¢ +0, we get that 
Teo, hy ><T, hd, (e > 0). 
The function 7 *q is called a regularization of T. 


Exercise. — Show that if G= R” then supp T7xmcsuppT+ek. 


Exercise. — Let n=1 and let y,¢D approximate 6. Show that gy? ap- 
proximates Oo, 
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66. Solutions of differential equations. — Let a(¢,, ..., fn) be a polynomial 
and consider the differential equation 


(1) a(D)F=G, 


where F and G are distributions. We shall call F’ a weak solution of the 
equation. A weak solution is said to be a strong solution if it is a function 
and satisfies the equation in the ordinary sense. (This implies that @ is also 
a function.) 


Exercise. — Show that if a(D)F= 0, then gx F is an ordinary solution of 
the same equation. (Show first that a(p*h)=gmxah, when he@.) Thus 
every solution of the homogeneous equation is a limit of ordinary solutions. 


LEMMA 61. — Let n=1 and G=0. Show that every solution of (1) is 
ordinary. 


Exercise. — Prove the Lemma as follows. Let F',,..., #,, be a basis for 
the ordinary solutions (they are of the form p(w)e’”) and choose hy, .... Rn€e 
such that <Fj,h,>=6;,. Develop p* F= > nF. Show that the numbers c¢, 
converge as e€—>0. 


Hexercise. — Show that the mapping D(6)3h > DhE@D(G) has a conti- 
nuous inverse and deduce from this that h + a(D)h also has a continuous 
inverse. Use this to show that (1) has a solution F for every Ge @D(O)*. 
This result is true in any number of variables. In particular, a(D)F = 6 has 
at least one solution F. Verify that a(f*f)=f, (fE€@D). The distribution 
F(e#—z) is called an elementary solution of a. Verify that F,(#) = 
= ¢(> #,—z;,)?)°-"” (n> 2, € a suitable constant), is an elementary solution 
(in this case a function) for a(D)= Di+...+D°. 


Haxercise. — Let n=1 and a= D”+lower terms. Show that a(D)F=6 
if and only if a(D)F = 0 outside the origin and F”(+ 0) — F®(—0) = 
= (—1)"6;n1, (}<m—1). Show that G(a, y) = F(«#—y) is a Green’s func- 
tion for a(D). 

Lemma 1 fails to hold for more than one variable. When a(D) = > a, D* 
a|<™m, is of order m, we define its principal part Ma by Da(D) = > a,D%, 
'a| =m. We say that a is elliptic if the polynomial Qa(¢) never vanishes for 
€ real and ~0. We have 


LEMMA 6°2. — If a is elliptic, then every solution of (1) with G=0 is a 
function in €(G6). 


Remark. — Actually, the solutions are analytic functions. The largest class 
of operators for which the lemma holds are characterized by the following 


3 - Supplemento al Nuovo Cimento. 
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property: a(if-+-7)— co a8 Coo, uniformly when 7 is bounded. We shall not 
prove Lemma 62. 


Exercise. — Let TeD(R*)* and 7T,, T,eD(k)*. Interpret the equation 
T (a, %) = T,(#,)+T.(2,) and show that D,D,T=0. Hence Lemma 2 fails to 
hold for a= D,D,. 

Let «= (v', v7") be a division of the co-ordinates x into two sets with m 
and » — m elements respectively. Let pe D(k"™”) and Te D(R")*. The con- 
volution g* 7 is defined in the usual way, 


px T, h> = <T, Px*h>, 


where (~ * h)(x% = {o(y'—2 x") h(a’, y") dy". We have a partial regularization of 
T and, in HF g*T is a distribution. When T7 is a solution of a diffe- 
rential equation a(D)T=0, it may happen that ~ x T is infinitely differentiable. 
This happens ¢.g. when 


a(D) = >-a,(D")D" 


and a,(D’) is elliptic and degree a, > degree a, when |«|>0. Taking m= n, 
we get Lemma 6°2 as a special case. (GARDING and MALGRANGE). 


Exercise. — Let #'=«#, and assume that a(D)=cDj{+lower terms in D,, 
(ec #0). Verify that if a(D)T=0, then »*T, (y= (a")) is infinitely diffe- 
rentiable. Find a corresponding statement for the wave operator D{— D}... 
(take a” =). 

With a few reservations the results of this section hold also for differential — 
operators with coefficients in €(O). 


67. Distributions independent of one or more variables. — Let x= (a', x") 
be a division of variables. We say that / © @D(G)* is independent of «” if 
D,T = 0-for all ait If 6 is connected, such an F can be described as — 
follows. Let (Nh)(« Peels a") da". Then <F, hy=<G, Nh), where G € D(O’)* © 
and O’= the range of a as xe€0. Conversely, every distribution <G, Nh> is 
independent of x". We shall not prove this statement. It could be stated 
briefly and intuitively as F(a’, 7”) = G(z’). 


68. Multiplication and division. — Let f €D(G) and T€D(G)*. We define 
a product fT by 
fT, hy = Tf, thy . 
Hixercise. — Verify that the mapping 7 —fT7 is continuous. 


The problem of division is to solve the equation f7=S for 7. Let us 
put n=1, f=# and S=1. Then =~" outside the origin and one solu- 
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tion is #' = Px, where P denotes principal value so that 


CPre iy = lim [ erneae ; 


|v] 2e 


Exercise. — Verify that Pa1e@D(k)* and that the general solution of 
rA—1 is P= Px'+c0. 


Exercise. — Show that Dah—zheE@D has a continuous inverse. This 
means that D*— @D*. Get the same result when @# is replaced by a poly- 
nomial. (The mean value theorem shows that max | D*h(«) |< ¢, max|D*1xrh(a) |). 


Remark. — The same result holds for several variables and if D is replaced 
by S (LOJASIEWICZ, HORMANDER). 


Exercise. — Solve the equation «Ff = 64 (one variable). 


69. Distribution with supports in a closed set. — Let C be the closure of 
an open set in R” and let D(C) be the space of the restricts Dg to C of all 
geD. The topology of D(C) is defined by the seminorms used in D with the 
difference that the suprema are now taken over C instead of over R”. It is 
easy to see that D(C) is a complete space and that the restriction operator P 
is continuous. Let Q* be its adjoint so that 


<P> =P > 


where fED(C)* and P*feD*. If g=0 on OC, then <PD*f,g>=0, so that 
D*D(O)* is contained in the set D* of all FeD* whose supports are con- 
tained in C. Under a certain regularity condition on C, which holds whenever 
Q is a finite union of convex sets, it can be shown that @* is a linear homo- 
morphism between D(C)* and D;. This makes is possible to identify these 
two spaces. We shall use this result later when C is the region a} — «% ... #2 >0, 
i.e. a union of two circular cones. 


610. Products of 6-functions. — Let g be a real function. What should we 
mean by 6(g(«))? 
It is of course natural to put 


<0(g), n> = tina ola )) h(x) da , 


where p=y,€D(k) approximates 6 as e—>0. If ge €(G) and its gradient 
does not vanish in a neighborhood of g = 0, we can introduce new co-ordinates 
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y such that y,= g(x) and then 


e—0 


lim | p(y) h(#) p(y) dy = [[e=rr)h 0d enya 5 


where dx = p(y) dy, so that the limit exists and defines a distribution. 
Exercise. — It is of course possible that the definition works also when 
gradg=0 in some points. Verify this when g = a#i—a}—...— a. 


Hzercise. — Show that we can define 6(g,) ... d(gm) when gj, .--; Gm can be 
chosen as m of the co-ordinates in a co-ordinate system covering a neigh- 
borhoodoL 9, =a. g,,= 0. 

Hezercise. — Let p be a real polynomial with only simple real zeros @,. 
Show that 
6(p(x)) = > p'(ax)-1d(@ — a) . 


Beercise. — Show that 6(\x|)=6 and 6(|#|#)=0 and that 6(a) does not 
define a distribution. 


611. General principal values. — Let g € €'(G) be zero on a hypersurface 


of dimension »—1. We define Pg as 
h(a) 
Pg, hy = li ae 
< g ? > ee i g(a) ? 
lo@|=Se 


when the limit exists and defines a distribution. 


LITERATURE 


ScHwartz: Théorie des distributions. 
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71. — Fourier transform (J. L. Lions). 


1) We recall the definition of S: 


Ss f infinitely differentiable in R”, 
E => 


|x,D* f(a)|< M,, for every « and p= 


f infinitely differentiable, 


> 


|x, D° f(a)| > 0 when |#|-> oo, for every « and p . 


Haamples: exp[— xwx*], exp[—#"] (n integer > 0)eS. 
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Definition of Fourier transform onto S: 
F f(x) = f(x) =| exp [— 2aixy] f(y) dy ; 


if fES, this is obviously meaningful. 

Proposition 1. F(Df) = (2nix), (Ff), fEs. 

Proposition 2. $((—2mix),f)= Df, fes. 

By using these two results, one easily proves: 

Proposition 3. If feS then fes. 

Moreover, the mapping f > f is continuous of S into S. 

2) We now introduce S* = dual space of S= space of tempered distri- 

butions. 


Heercise. — S* is invariant by differentiation, by translation. 
We know (Theorem 5'9) the general structure of elements of S*. We recall 
also that S is dense into S*. 


LEMMA 1. — The mapping f > #f is continuous from S to S, when both 
Spaces are provided with the topology induced by S*. 


Proof. — As is easily checked, if f and ge S, we have 
(71.1) ‘Ff, p> = <h, FH> - 


Now, if f,.—0 in S*, I claim that ¥f,—0 into S*. Indeed, assume that 
gy € B = bounded set into S; then ¥p belongs to a bounded set B into S (Pro- 
position 3), and then 
<fny FY — uniformly for pe B; Lemma 1 follows by using (71.1). 

From Lemma 1 it follows that the mapping f ~ ¥f can be extended by 
continuity to a continuous linear mapping 7 —> FYT from S* into itself. Equa- 
tion (71.1) leads to 


(7'1.2) (FT, p> = <T, Fo>, Ted", ped. 
Summing up: 


THEOREM 71.1. — The transformation ¥ can be extended by continuity to 
a continuous linear mapping from S* into itself; if Te 5*, FT can be caleu- 
lated with (7'1.2). 


Ezercise. — Prove that ¥(6)=1. 
By using Propositions 1 and 2 and Lemma 1, one gets: 


Proposition 4. For every Te S*: 
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F(D°T) = (Qaix), FT; F((—2xix),T) = D*(FT) ;x Ne 
Diagonalization 
F (T(w—a)) =exp [—2miax|FT; F(exp[2niax]T)=(FT)(#—a) . 


pice — Tf F(e)= 2, (%) Lalas) ies Vale); Treo (ke), when. 
FT (x) = (FT, (%)) --. (FPn(#n))- 


F is n dimensional in the left side, and is one dumoneingel in the right side. 


Transformation F : 
Fie) =fexp2xiayliwaw), 125. 


By the same reasoning as above, one proves that ¥ can be extended by con- 
tinuity to a continuous linear mapping from S* into itself. 


Exercise. — F(exp [— 2a?]) = exp[— 207]; $(6) =1. 


71.3. — The fundamental Lemma: $(exp [2aiar]) = 6(@ — a) (Dirac mass 
in the point ac R”). 
By Proposition 4, it is enough to prove 


(71.3) F(t eee 


Using the exercise on T(x) =T;(#,)... T,(@,), applied to 6(x) = 6(a) ... O(&n) 
it is enough to prove (71.3) in dimension 1. We set: $(1)=T7. By using 
Proposition 4, we get: 


d : 
(5.1) = = 2 iteL.; 


i.e. T =0, hence (Exercise, Sect. 6) Z=cd. It remains to calculate c; we 
apply (71.2): 

<od, gy = <d, FH» ; 
and choose g = exp [— a], which equals its Fourier Transform. Then ¢=1 
and the fundamental Lemma is proved. 


Exercise. — Prove the same lemma using ¥ (exp [— 2a*/n?])=n exp [— 2a?n?] 
and assuming that — oo. 


71.4. The fundamental Theorems. — Take f € 5; of course f(a) = <6,,, > = 
= <F (exp [2aiax]), f> by using the Fundamental Lemma. 
Using now (7a.2), f(a) = <exp[2ziax], Ff>, 7.e. since a is arbitrary: 


iy) =| exp [2x ivy] f(a) de , 
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f= F(Ff), fes. 
We have proved: 


THEOREM 711.2. — If feS, f= Ff, then 
f= Ff (Fourier inversion formula). 


One can also write: 
Fad, «Ff F=—l15, 1, =identity mapping into 5. 
Also: ¥ is an isomorphism from S onto S, with inverse ¢. 
All these results extend by continuity to S*, hence the main result: 


THEOREM 711.3. — ¥ is an isomorphism of S* onto itself, with inverse F. 


71.5. Fourier transform on L?. — Take once more féS; we want to cal- 
culate f|f(w)|*dx=||f*; fl? = <f, 9 = <FF, P = FFF hence easily 


*da =| |f (a) ?dx. In other words: 


Lemma 2. - If feS, {|f(a) 


If =lF I. 


This means that the mapping f—> me is continuous from S provided with the 
topology induced by LZ? into L?. We admit here that S is dense in L?. Then 


THEOREM 7°1.4. — The mapping f > f from S-—>S can be extended by con- 
tinuity into a continuous linear mapping ¥ of L? into L?; actually, ¥ is 


an isomorphism of L? onto itself, with inverse ¥. Moreover: 
fl =F il - 

Remark 1. — If f € L?, then in particular f € 5*; we define the same Ff by 
considering f as an element of LZ? or S*. 

Remark 2. — If fe L’, 
f(a) —— Lim. [exp [— 2mixy] f(y) dy, 

R>o|y|<R 

lism. = limit in the mean. 

Ewercise. — If | |f@) |da < co, f is bounded. 


Euercise. - fES = (1+ a?)"D*feL* for every p and q. 
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71.6. Paley Wiener theorem. — We admit here the following theorem: 
THEOREM 7'1.5. — Let T be in S*; the two following statements are equi- 
valent: 

1) T has a compact support, c[— A, A]"; 

2) Tis a function T(«), with | P(x) | bounded by a polynomial, and T(z) 
is the restriction to R" of a function F(z), 2= (2, ...) @n), 2;=Xj;+ty,, Fle) 
being entire, with 

| F(z)|< M exp [27A(|e|+ |22|+...+ |2n|)] : 
That 1) implies 2) is quite simple. That 2) = 1) goes deeper; it rests essen- 
tially on Phragmen Lindelof theorem. 


71.7. Examples. — Let w,, be the measure defined by: 


<a f> = mean value of f onto the sphere |#|=a. 

One has: 
F tia, = U'(n/2)(aa | |)" F onoy/p(2700| a |) « 
Application: let 7T(«#) be a function or a distribution € S*, which depends 

only on" |2| = 7; Te) =U) Then 

| exp [— 2xiwy]T(y) dy = i U(o) de | exp [— 2ntay] de, , 

ly|=P 

where do, = surface area onto |y|=e. An easy calculation leads to 


oO 


T(x) = V(r) = 2ars-ni |g Tin-2y2 (2 gr) U(Q) dg, 


0 
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72. — Convolution and multiplication with Fourier transform (J. L. Lions). 


72.1. Some more properties of S and S*. The problems. 


a) if f,geS, then fgeS and F(fg) =f x Gg. It follows: if f, g ES, f*ges. 


Exercise. — Prove directly this last statement. 
We have 


(7°2.1) F(fxg) = 79. 
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b) If feds, Te S*, then fx Te S*. 
ce) If feds, TeS*, ffeS* and 


(7'2.2) FUT) = fal. 


d) The properties a), b), ¢) lead in natural way to the following problems: 


I) What is the space, say 6,, of the functions fe€ such that f7eS* 
for every Te S*? 


II) What is the space, say G6), of the distributions S such that S* 7 
is defined and Sx Te S*? 


III) Is it true that ¥ is an isomorphism from G,, onto G,, and is it 
true that 
F(SeT)=ST, SeEO,, Tes*? 


72.2. — Space O,. — Let a be in G,. If fe S, then af is necessarily into S 
(since <af, T> = <f, aT>, Te S*, and aTeS* by hypothesis). By using the 
closed graph theorem, we see that 


(7°2.3) j > af 


is a continuous linear mapping from S into itself. (Remark: we can escape 
the use of the closed graph theorem by imposing the condition that T — aT 
is continuous of S* into itself for every ae 6,,). 

We write now that (7°2.3) is continuous, with explicit neighborhoods of 0 
in S. We denote by V€,, the set of fe, such that 


(1 + w*)*| D’ f(x) |< €, lp|<m; 


this gives a fundamental set of neighborhoods of 0 in S. Since (72.3) is con- 
tinuous, given V}, there exist k, m, € such that 


(7°2.4) afeVé, for every feVig. 


km 


We set: S,,, = functions f such that (1+.*)*D*f(@), |p|<m, is zero at in- 
finity; it is a Banach space for the norm 


sup (1+ #)*| D? f(x)| . 


|p| sma 


But (72.4) means: f ~af is continuous of S provided with the topology 
induced by S,,,, into S,,. As it is easily verified S is dense in S,.,,,; conclu- 
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sions: (7°2 a can be extended as a continuous linear mapping of S;,,, into 
Soo But f(#) = (1+?) S,,,, so that a(x)(1+a?)-*! is bounded. We have 
proved: 


Lemma 1. — If aeG,,, then there exist k’ and M,, such that 
(72.5) | a(av) |< M,(1 + @)*’ 
Now, if aTeS*, (0/0x,(aT) belongs to S* too, hence: ((0/dx,)a)Te &, 
i.e. (0/0x,)a€ O,, and finally: D?a e 0, for every p. Then Lemma 1 implies: 
ae 0, =>|D*a(x)|< polynomial (depending on p), for every p. 


It is very simple to prove that these conditions are sufficient to insure 
aeO,; we can state: 


THEOREM 7°2.1. — The following two statements are equivalent. : 
1) ae0,; 
| Dva(x)|< polynomial P,(@) for every p. 


Remark 1. — 2(S8; 5) = space of continuous linear mappings from S—> 8S. 

For every a€G, we set: @e€ £(5; 5), continuous linear mapping f — af. 
We define in this way a mapping a + @ from G,, into £(S; S). This mapping 
is one to one. Then we can identify 6, with a subspace of 2(S; 5), and in 
this way we can put on O, a natural topology: the topology induced by the 
topology of 2(S; S). 


EHzxercise. — Let P(x) be a polynomial with real coefficients. Then 
exp [+P(x)| Ee 6, 


Heercise. — If Se S*, fe S, then Sxfeod,. 
72.3.. Space G,. — Let S be in OF: take Te-€*, fe D; by definition 
S*T, f> = <T(2), Sy), fl@+y)>>.- 
We want that this equation has a meaning when Jc 5S*, fES, i.e. 
Sy), #+y)>eEs. 


Obviously, this is equivalent to: S*xfeS for every f eS, hence: 
THEOREM 7°2.2. — The two following statements are equivalent: 
1) SeO,: 
2) S*xfeS for every fES (this implies S€S*). 
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Exercise. — 1 (which belongs to S*) is not in G,. 
Example: exp [ina] eO6,: take exp[inx*]*f, and use 2). 


72.4. Relations between 6, and O,. — We can write: 
SeEO0,=SxfeS for every feS=fS8 for every feS+8e0,. Then: 


THEOREM 7°2.3. — F is an isomorphism of G/, onto G,,. 
Exercise. — F (exp [inx?]) = és Va *)exp [— tacy?] . 


Exercise. — If fe S, Te S*, then fTeO,, (use Fourier transform, Theo- 
rem 72.3 and an exercise in 72.2). 


72.5. Exchange of convolution and multiplication. 


THEOREM 72.4. — If SeO,, Te S*, we have 
(72.6) . F(S*T) = (FS)\FT) . 


Proof. — We approach T by a sequence 7, of elements of S; for 7, the 
equation corresponding to (7°2.6) is true, hence the general case by passing 
to the limit. 

All of the problems of 1) are solved. 


Exercise. — If S, TeO,, then Sx Te 's 


Exercise. — If 'S, TeGO,, and Sx T=0, is it true that either S or T is 02 
(the answer is no). 


72.6. Applications (1). — A convolution equation is an equation of the form: 
(72.7) AxT=—S, A given in 6), S given in S*; we look for T in S*. 

Example: 
(72.8) A= Pd, P=partial differential operator with constant coefficients. 
Then Acé*cG,. In that case, (7'2.7) is written simply PT= SN. 

By Fourier transform and the above theorems, (7°2.7) is equivalent with 


(72.9) A(x) T(a) = S(a) , A(x) EGO 


It is a division problem. 
By a Theorem of Hérmander and Lojasiewicz already stated, we know 
that equation (72.9) has always at least one solution. 


Exercise. — A= 0?/Cvi+...4+0?/0x5,; prove that (—4+1)T=S admits one 
and only one solution in S*. If Se &*, and if we look for 7 in @*, then of 
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course we have existence of a solution, but the solution is not unique (take 
exponential solutions of (—4+1)w=0). In general, if Se(M*, then it can 
be proved that there exists Te D* with PT = S. (MALGRANGE; EHRENFREIS). 


72.7. Applications (II). — Let t be the time, t > 0. We give a family of 
distributions A(x; t), on R", and we assume that for every t>0, A(a; 1?) is a 
distribution with compact support. (Actually, in the main applications, A(a; t) 
has the origin for support; A(x; t)* is a differential operator). 

We look for u(a, t), u(a, t)e S* for every t > 0, solution of 


fu + A(x; t)*® u(x, t)=0, u(a, 0) = flv), feS* given. 


(To be more precise: we look for a function t > u(., t), once continuously dif- 


ferentiable for t>0, with values into S*, solution of the above equations.) 
By Fourier transform, this problem is equivalent to 


0 
yt TAY doy H=0, oy, = Hy). 


If we consider y as a parameter, we obtain an ordinary differential equation 
and then v(y, ¢) is known (of course, one has to be slightly careful: f(y) is 
not a function in general). Now, if v(y;t)eS* for every t, then 


u(a, t) =[exp [2a tay] v(y, t)dy 
is the solution of the problem. 


Remark. — Replacing A(x, t) by ||A,,(a, t)|| the method applies to diffe- 
rential equations of any order in t. 


Hxercise. — To solve by the above method the following two classicals 
problems: 
1 0 o? 
(1) Maa h = 9, — wle, 0) = f(x); 
: o? 0? 
(2) ap at = ie, u(x, 0) = f(#); 


0 
ay Whe 0); = g(a)’. 
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8. — Lorentz invariant distributions (L. GARDING). 


Let he@D(R*) and let A be a Lorentz transformation. We define the 
action of A on h by putting 


(Ah)(a) = h(A-2) 
and the action of A on a distribution f by putting 
<Af, h> =F Cf, Ath» 


Since | f(A—«x) h(a) dx = | f(x) h(Aa) da, the two actions are the same when f is 
a function. We say that f is invariant if df—jf for every A that does not 
reverse time and we are going to determine all such f and study their Fourier 
transforms. In the first place, let A, be a Lorentz transformation which 
reverses time and put 


f=4 (+A), 
Lh=+G—A,/) ° 


Then, for an arbitrary A we have 
Afi=his Af, = e(A)f. , 


where e(A)= +1 according as A reverses time or not. Let us refer to the 
corresponding distributions as even and odd respectively. The corresponding 
sets of distributions will be called 2+ and L- respectively. We are going to 
treat them separately. 

Let us start with a rough heuristic argument. Let fé L*. Treating it as 
a function, we see that it ought to be constant on the hypersurfaces 
rae = 00° — v1e1— aa? — o3¢3=c, also when ec >0, and the surface consists 
of a cone or a hyperboloid with two sheets. Hence 


(1) f(«) <r ¢ (xx) ’ 


where is a function of one variable, defined on the whole real axis. Con- 
versely, any such distribution seems to be even and invariant. The argument 
has the disadvantage that it does not seem to give the Lorentz invariant 
distributions with supports at the origin, namely 


» {2) fePUije,; 
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where 6 is the four-dimensional 6-function, LJ = D,D,— D,D, — DD, — D,D3, 
(D;, = 0/0x*) is the wave operator and P is any polynomial. A similar heuristic 
argument shows that every f in &~ ought to have the form 


(3) f(a) = p(w) sgn a , 


where ¢ is a distribution of one variable which vanishes when #7 <0. This 
last property can be justified as follows. The distribution f changes its sign 
under Lorentz reflections in any space-like plane. Hence it ought to vanish 
on such planes, i.e. outside the cone vx > 0, 

Let us now try to justify (1). Define 


(Mg)(t) =[ate) O(t — xa) da , 


Tt is an even invariant distribution whose support is the hypersurface x7 = Tt. 
When 1 < 0, this is a hyperboloid with one sheet, when t= 0, it is the light- 
cone and when t> 0, it is a hyperboloid with two sheets. 

Let @ be R* with the origin excluded. 


LEMMA 8'1. — To every invariant even distribution f, there is a unique 
ge @D*(R) such that 


(4) d,9> = <y, Mg> , ge DQ) 


and, for any g, the right side is an even invariant distribution in D(Q)*. 
Proof. — Any Lorentz invariant distribution f has the property that 
(jf, Ang> =0 where Ay,=2,D,—2,D,;, (€=2°, &=—s, k>0), 
are the infinitesimal Lorentz transformations. Now every point y+0 has a 
convex open neighborhood G6 not containing 0, where one of the co-ordinates, 


say #,, does not vanish. In 6 we take 7 as a new co-ordinate instead of «;. 
Then 


Ox — oA 5) (j a k), 


where the right side denotes differentiation with respect to #* in the new 
system. Consequently, if f,= 2f|x,;|, we get 


<hy Oxg> = £2¢f, @ Ong) = 4 2<f, Ang> = 0, 


when k~j and ge @D(G). Hence, if J = J(G) is the range of wa when xe O, 
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there is a unique g in ®M*(Z) such that 


his > = <p, Ng>, 


where 
(Ng)(z) = [aed , dw = da... da’... . 
But, since 
dw 
(Mg)(t) =[a¢e) 2|ai]’ LL =T, 
this means that 
t, 9 = <p, Mg), g € DO). 


Now, let G and O’ be two neighborhoods of the kind we have described. 
Performing a Lorentz transformation A we see that p is unique in 1(AGN OG’). 
Since the whole Lorentz group acts transitively on Q, it follows from this that 
gy is independent of GO and hence the lemma follows. 


LEMMA 8°2. — Any invariant distribution f whose support is the origin has 
the form (2) and conversely. 


Proof. — We know that f must be a linear combination of derivatives of 4, 
f=A(D)o, 


where A= A(D,,..., D3) is a polynomial. That f is invariant means that A 
is invariant. An easy argument shows that A must have the form P(L). 

Our Lemma does not quite give us all invariant distributions yet since 
Lemma 1 applies only to DQ). The complete theory has to involve a de- 
Seription of the space M@, i.e. the image of O=@(R*) under the mean 
value M. 

Let R& be the real line and consider the set H = H(R) of all complex func- 
tions on R which are infinitely differentiable outside the origin, vanish for 
large arguments and have the following property. To every heH there is 
a formal power series Lh with partial sums 


(Eek) (ac) == y <le, h>t*, (<i,, h> = 0, “all h), 
0 
such that, for all n > 0, 
h(t) — L,h(r) log |r |-? 
is m times continuously differentiable at the origin. 


= 
be 
et 
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Exercise. — Show that Lh is uniquely determined by h and that L an 
the 1, are linear functions of h. We shall call Lh the singular part of h. 


We shall see later that MD—H, but first we shall have a closer lool 
at H. I is clear that if h,, h,e@D(R) and h,(0)= 0, then 


is) h(t) = hy(t) + a(x) log |r| 


belongs to H. The power series Lh ig in this case the Taylor series of hy ai 
the origin. Conversely, let he H. Then, by a classical theorem due to Borel 
there is an h,eD(R) with the Taylor series LA. But then, if (5) is taken at 
a definition of h,, it follows that h,e@D(R) and consequently (5) is the genera. 
form of a function in H. 

Let us now topologize H. Let y¢€@(R) be a fixed function which is 1 in 
a neighborhood of the origin and vanishes when |t|>4. Let p be any semi- 
norm on ®(R) and choose a number » such that the order of p is <m in the 
interval |r|<1. Put 


g(h) = p(h —log|t|-"pL,h) + | le, h>|- 
0 
These seminorms define a topology on H which is independent of the choice 


of m and reduces to the usual topology on D(k). It is easy to see that H is 
complete. 


LEMMA 8°3. — Every continuous linear functional # on H has the form 
{F, h> = f, h—log|t|-*pLnh> ae D> exch, h» ’ 


where f¢@D(R)* has order <n in the interval |7|<1 and the numbers ¢; are 
arbitrary. 
Proof. - On D(k), F reduces to an element fe D(R)*. Let n exceed the 
order of f in |t|<1 and put 
(F,, h> = <f, h—log|t|—*@L,h> . 
Then Fe H* and (F—F,, hy =0 when L,h=0. Hence F — F,= > ql, and 
the Lemma follows. 


Hixercise. — Every he H has an asymptotic development 
h~ > (<li, RD log|r|-1+ jr k)t*, ly = 0; 


for small t.- Show that the J, and j, form a basis for those Fe H* which 
vanish outside the origin. 
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Exercise. — Let p~0 be a polynomial. Show that the mapping H 3h > 
—+pheH has a continuous inverse. (Hint. Suffices to consider p= — A. 
When A is not real, the statement is trivial. The case 4 real 40, is essen- 
tially the statement that D(Rk)sh—>phe@D(R) has a continuous inverse, 
which has been proved earlier. The case A4=0 can be treated in a similar 
way.) Use this to show that pH* = H*. 


Exercise. — Show that MULg(t)=4I'Mg(t), where [=tD?, (D=4/dr), 
and show that Hah —IJIhed is continuous. Let [* = D*t be the adjoint 
of I. Show that 


[pg eS k(k+1)lpsy ’ = k(k +1) na — (2k ae NE a . 


In particular, [*j,=—1,. 
Exercise. — Show that the mapping Hah +>JheH has a continuous in- 


verse. (If g=J'h, then A(t) = | (to —1) g(o) do. Deduce the expansion of h 
at the origin from that of g.) 


Exercise. — Show that Pr-! and 1 are a basis for all solutions F ¢ H* of 
I*F=0. (Show that # =c¢,+e¢,t~ outside the origin and that the constants 
¢ and c, are the same for t > 0 and t < 0. This means that "=—ce,Pt-1+¢,+ Fy 
where the support of F, is the origin. Show that F=0. By the same method 
one gets a basis for the solutions / of [# = AF. Depending on /, they may 
or may not be tempered, i.e. belong to (MS)* (METHSE).) 


Let us now prove 


LEMMA 84. — The mean value M induces continuous linear mapping of 
DY) and D(F*) onto D(R) and H respectively. 


Proof. — It is clear that if 6 is a small convex neighborhood of any point 
y in Y, then MD(G) c D(R) and we leave it to the reader to prove that M is 
continuous and that M@(G) contains @(I(G)). Since the J(G) cover R, the 
first part of the Lemma follows. 

The second part of the Lemma requires a little calculation. Consider an 
auxiliary transformation. A defined by 


Ag(e, 0)= | (lv@, eu) +9 (—Ve, Veo) de, 


where 0 >0, o>0, w ranges over the unit sphere in three dimensions with 
‘the element of area dw. Clearly, A maps D(R‘) continuously into D(Rt x Rt), 
where R* is the closed positive half-axis. That the mapping is onto D(Rt x R*) 
is easy to prove. In fact, if he D(Rt x Rt) then 2xg(x)=h(xi, vi +a +a) is in 


4 - Supplemento al Nuovo Cimento. 
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D(R*) and Ag=h. Taking # = (x', x, x) as variables on vvz=t we get 


Mig(x) =| (20) (gla, B) + g— a, B)) dada da, 


where «° = {r+a?+a3+a3\#>0. In terms of A, we can write this as 


© 


Mg(t) =o, t)ot(o+t) tdo, 


a(t) 


where h= Ag and a(t) = max (0, —rt), i.e. the region of integration is the 
intersection of the intervals o > 0 and o+71 >0. We know that Mg vanishes 
for large enough arguments and that it is infinitely differentiable except at 
the origin. 

Let us denote by v*, (k =oco permitted), a function which is & times con- 
tinuously differentiable in a neighborhood of the origin. That MgeH is a 
consequence of the following three formulas, whose verification is left to the 
reader, 

1 
Mg(t) =[Mo-be, o)o? (o+ot)-?do + v® , 
a(t) 
le 


h(o+t, o)o#*3(¢+r7)’-tdo = ety, 


aT) 
1 


oltt (o+t)’- #do = Cuaupeeere log |r |-1 4B? > Cri 0. 


at) 


An easy consequence of these formulas is that 


Li h» = » Cay Deer (0, 0) ) - == k, 


where h; .(o, 0) = Di Di ho, go). Hence, since there exists an he D(R+x R*) 
with arbitrary derivatives at the origin, we conclude that there exists a ge@D 
such that Mg, has a given singular part Z. Hence if he H has this singular 
part, Mg,—h has no singular part and consequently it has the form Mg,, 
meED. Hence M(g,+9,)=h so that MD=H. The proof that M is conti- 
nuous is left to the reader. 

Define distributions M*l,¢@D* by putting 


< Ml, G> = <h,, Mg> . 
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Lemma 8/5. — Every fe £+ with support at the origin is a finite linear 
combination of the M*l,, (k=1, 2, ...). 


Proof. — Let B, be all distributions in question whose orders are < 2n. 
We know from Lemma 8’2 that dim B,=n-+1. Some reflection shows that 
M*l,,..., M*l,,, are all in B, and since they are linearly independent, they 
span B,. 


Hxercise. — Show that M*l, = 476. 
We can now prove our first main result. 


THEOREM 811. — The mapping M™* is a linear homeomorphism 
ie 


Proof. Clear that M*H*C£*. We shall see that the equality sign holds. 
Let fe 2+. By Lemma 81 we know that there is an F»EeD(R)* such that 


qh, g> = <F, Mg» ’ geDQ). 
But F has an extension F to H%, e.g. 
<F,, hy = (Fy, h—log|t|“pLahd , 


where » exceeds the order of Fy in |r|<1, and the function g is as in 
Lemma 83. But then f— M*F, vanishes outside the origin so that by 
Lemma 8'5, is has the form > ¢,M*l,. Hence f= M*(F,+) ¢x!:). We leave 
out the topological part, which follows from known abstract theorems. 


Theorem 8'1 has the following corollary. 
LEMMA 8'6. — The space H is reflexive. 


Proof, — Let Ge H**. Then G(/), Fe H%, is a continuous linear function 
of M*FeLt+c@D*. Extending it to D*, we find, since M** = M, that there 
is a g in DM such that 


G(F) = <M*F, = fF, Mg». 
Hence G(f)=<F,h> where he H. This shows that H is semireflexive. We 
leave out the proof that H and H** have the same topologies. 


Exercise. — Show that M*Pr and 1 are a basis for all solutions feLt 
of Ljf=0 and show that I1M*j, = — 20. In a more familiar notation one has 


M*j, = 76(ee) , M*Pr = t Plax)’. 
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Let us now describe £~. Let C be the cone az >0. Our first observation 
is that any f¢ 2~ vanishes outside CO. In fact, let O be a bounded open set 
in the region wv <0 which is symmetric around the plane 7—0. We know 
that there is an F ¢ D(I(G))* such that <f,g>=<F, Mg>, ge DO). A re- 
flection in the plane a=0 does not change the right side, but it reverses 
the left side. Hence f=0 outside OC. But then we can and will identify 27 
with a subset of D(C)*. Let 


(M,g)(t) =] g(x) 6(t — wa) sgn x daw 


be the antisymmetric mean value. It is easy to see that M, is continuous 
from D(C) onto H, = O(k*) and we have 


THEOREM 8°2. — The adjoint M? is a linear homeomorphism 
HT + 2&-. 
The space H, is reflexive. 


Heercise. — Let p~0 be a polynomial. Show that the mapping H, 3h > 
—> phe H, has a bounded inverse and deduce from this that pH{ = Hf. 


Exercise. — Define distributions 


T.; i} A,= M"j,, B,= M"1, and A= My 


by 
(T,,9>=Mg(t), <T,,,9> = M,9(7), t#0 
Mg(t) ~ > t*(log|t|-* <Bx, g> + <Ax, 9>) 
My g(t) ~ > t*<Aiz, g> , t small. 


Let £> be all distributions in £* with supports in vv = t. Let k= 0,1, 2, ... 
and put D=d/dt. Show that 


(1) Le has the -basis 277, 7 =40 

(2) Ly has the basis A,, Bits 

(3) £, has the basis D'T,, when t>0 
(4) 2, has the basis A,,. 


Let £,, (t >0) be all invariant distributions with supports in wr =t, x > 0. 
Show that D*(T,+T7,,) is a basis for 2,, (rx > 0), and that A,+A,,, Bey is 
a basis for 2y. 
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Exercise. — Show that A, is a basis for all solutions fee ~ of Df=0. 
(Show first that j, is a basis for all F ¢ HY with /*F—0.) In a more familiar 
notation 

Aye = (ax) SEN MX, « 


9. — Fourier transforms of Lorentz invariant distributions (L. GARDIN@). 


With trivial modificatons, the preceding section remains true if we change 
the space D to S throughout. This will change 2, 2*, H= M®D and H,= M,®D 
to 2nS*, L*nS*, MS and M,S respectively. In this-Section, however, we 
shall keep the old notations with the understanding that they should refer 
to S instead of to @. 

Let A be a Lorentz transformation and let fe S*, ge S. Then A¥g = 
=FAg and AF¥f=—FAf by direct computation, so that 


FA = AF 


when both factors operate on S*. It follows that 


since F has a bounded inverse. Let us denote the restrictions of ¥ to 2* trans- 
ported to H and H, by E* and E? respectively so that 


E* = M*"¢M*, EY = Mi"FM?. 
By virtue of the Theorems 81 and 8°2, they are linear homeomorphisms 
H* + H* and H*¥ — Hf respectively. Let us compute their adjoints # and F,. 
LEMMA 9°1. — One has 

E =all pairs {Mg, MFG}, 

EB, = all pairs {Mig, MU,F9}, 
where géS, and H# and Z£, are linear homeomorphisms of H and H, respec- 
tively such that #?=1 and Hi=—1. 


Proof. — We know that H**=H. Let Mg be an element of H and put 
h=EMg and let Fe H*. Then 


<F, hy = <F, EMg> = <E*F, Mg> = 
= (M*"FM*F, Mg) = <FM*F, g> = <M*F, Fy = <F, UFQD, 
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so that h= MFg. Since MF¥Fy= Mg, E-1=H. The arguments for H, are 
analogous. Hence the Lemma follows. We have, formally, 


MF g(t) =[0 (t — wx) df exp [— 2niwE]g(&) dé = 


= [3020 exp [— 2aian] dede[ > (o — €&)g(é) dE =| A(t, oc) Mg(c)do, 
where 


Ae (tT, o) =[oc — LL) exp [— 271xy | dx ; 1h = Os 
Hence EH hag the «kernel» A™ and we find that H, has the « kernel » 


A(t, o) = [oc — xr) exp [— 2mixn]| sgn x, da , Wn =O. 


Heercise. — We know that $-1LIF is multplication by — 4a?xx. Use this 
to show that HLH and H*/*H*-! are both multiplications by —z?t on H 
and H* respectively. Prove the same result for H,. 


Exercise. — Let p#0 be a polynomial. Show that p(0)£* = e*. (It sut- 
fices to show that p(/*)H*=H* and p(l*)Hf=—H;: Use the preceding 
exercise and the fact that p(t)H* = H* and p(t) Hi = Hj.) 


Remark. — This result is true also relative to @. 


LITERATURE 


P. Metu&e: Comm. Math. Helv., 28, 225 (1954); 32, 153 (1957); C. R. Paris 240, 
1179 (1955). 

Methée’s theory deals with Lorentz invariant distributions in any number of variables. 
The simplified version given here is due to J. E. Roos and L. GArpIne. 


10. — Laplace transform (J. L. Lions). 

Preliminary remark: it seems that nobody uses i exp [— 2apx]f(w) da as 
definition of the Laplace transform. In order to agree with common use, we 
Shall set in this chapter: 

Ff (x) = fw) =| exp [— tay] fly) dy . 


Then, the Fourier inversion formula gives: 


SB he (5) | exp [ivy] fly) dy . 


IU 
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10°1. General remarks. — In Fourier transform theory, we consider a distri- 
bution 7 which belongs to S*; obviously, one can also consider distributions 7 
such that exp[— &#]7eS* for some ER". But assume now that 7 has the 
property: exp[— éa|TeS*, exp[— &é'x|TeS*, for €~é'. This implies that 
exp [— é"x]TeS* for every £” on the segment joining & to é’. In a general 
way we have: 


THEOREM 10°1. — Let Te @D*; we denote by I’, the set (possibly void) of 
all the €e R” such that exp[—é#|7eS*. This set is convea. 

Prooy.— let, €° and €* be in J7,. Consider = i6°-+(1— tf, 0O<t< 1. 
We set: a(a, é) = exp [— #é]/(exp [— xé°] + exp[—é1]). This function is 
bounded with all of its derivatives. In particular: ac 6,: Now 


exp [— #£]T = a(exp [— #£°]T) + a(exp[— xé]T) , 
and since a€6,,, this belongs to S*. 


We denote by J, the interior of [’,. We have 


THEOREM 10°2. — Same notation than in Theorem 101. For every eJ%, 
one has: exp[—wé]7'e¢O); and moreover, exp[— vé]7 remain in a bounded 
set of G. when € K = compact set of Iv. 


Proof. — For «> 0 small enough, we can find &, &,..., Ee 1% such that 
the set: +b, ek, |b|<e, is contained in the convex hull of &, ..,. &. 
We set: 


a(x, €) = exp [— xé]/(exp [— vé'] + ... + exp [— wé"]) . 
It is easily checked that ae S; if we write 


i=u 


exp [— #]T = ¥ a(exp [— #&"]T) , 


we can conclude that exp[— #é]7’eO) (Exercise in 7b). Since a remains in 
a bounded set of S (when € K), one can verify that exp|[— #é|7 remains 
in a bounded set of 6. 

Moreover since the function 


E—>a/(., &) 


is infinitely differentiable from K into S, one has 


THEOREM 10°3. — The function > exp[— vé]T is infinitely differentiable 
from I? into 6}. 
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Definition of. the Laplace Transform. — For T given in D*, we set 
L(T) = F(exp[— #é]T) , 


define for eJ',. This is the Laplace transform of T. If I’, is void, one says 
that 7 does not admit a Laplace transform. If [, is a point, we get essentially 
the Fourier transform. The most interesting case is when J’ is non void. 


We study this case in 10°2. By Theorems 10°2 and 103 we know already: 


Proposition 10°'1 — 2(T)=G (&,y); G(é,-) €6,, for el}, and >4@ (é,-) 
is infinitely differentiable from J’) into G,. 


P) 
BHuercise. — To calculate the Laplace transform of 6, a (0). 


i 


Exercise. — If Ceo*, [,= R"; what is I, if T (x) =exp [— a2]? 


102. Space S*(I’). Laplace transform in S*(I). — We give I'= convex 
open set in R”. By S*(J’) we mean the space of distributions 7 such that: 
exp[—wé]TeS* for every €J’. We define a « topology » into S*(J’) in this 
way: T,—+0 into S*(I) if exp[—#é]T,+0 into S* for every eJ, uni- 
formly for §€ compact set of K. 

By 10°1 we know that exp[— #é]T’ € 6) for every €e€J’. One can prove 
that 7,,>0 into S*(I’) is equivalent with: exp [— «é]7,,— 0 in ©, for every 
fel. 

For Te S*(I’), we set 


(2.1) ; 2(T) =F (exp [—e#é|T). 


We are going to prove the first main result: 

THEOREM 10°4. — For TeS*(I’), L(7) is an holomorphic function of 
(+ in;) = (ps) =p, in the tube ['+iR* (i.e. p=E+in, EET, nER"). 

Let 


(2.2) L(T) = Fp) 


be this function. The function 7 — F(&+in) belongs to a bounded set in rote 
when €compact set of I. 


Proof. — It remains only to prove that F(p) is holomorphic, i.e. that 


i) <0 
(2.3) ( +iz | LL) =O. 
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But: 
ae 0) = F (ze (exp [08] 2)) = — Fe, exp [— 28]) = 
a aes ce. ra a oF 
0 
=—i4 Si (exp[— wé]T) . q.e.d. 


The second fundamental result is the reciprocal of Theorem 10°4: 


THEOREM 10°5. — Let F(p) be an holomorphic function in the tube /’+iR’, 
with the property: 7 > F(é+%) € G,, for every eJ’, and moreover: F(é +i) 
belongs to a bounded set in DM, when € compact set of J. Then in a unique 
way: 

Fp) =2(7), TE SL). 


More precisely: 


exp [—#é]T = F,(F(E+ in)) , 


4.€.5 


T(x) = ers | exp [wp] F(E + in) dy . 


(2s0)" 
(Caution: this last equation has to be taken in the distributions sense!). 


Proof. — We consider: F,(F(é+%n)) = S° € 6,. The function & > F(E+in) 
is infinitely differentiable from J’ into 6,: Then & > S® ig infinitely diffe- 
rentiable from J” into G,: We have: 


a. SS ie, = 0 
Sea (O ()-3y eo Rice c pee ae ee yh. 
3E, =F, (a=) == cal a 5.7 2,8 


If we set: 


U® — exp [aé]S® , then a CSS s= Oo, 


i.e. U*’ does not depend on &: U“= 7. Conclusion: 
F,(F(E + in)) = exp[— 2] ; 


Theorem 10°5 follows readily. 


Remark. — Assume that F(&+i7) is holomorphic in J/’+iR" and that 
|F(€+in) |< polynomial in |j| when € compact set K in J’. Then, it follows, 
by using the Cauchy integral, that F(é+i7) € bounded set of (G,,) when cK. 


1489 


58 L. GARDING and, J. L. LIONS 


10°3. Properties of the Laplace transform. — We assume again that I” is a 
convex open set of f”. 

TurorEM 10°6. — If 8S, TeS*(), then SxTeS*(I). In other words 
S*(I’) is a convolution algebra. 


Proof. — As it is easily checked, 
(3.1) (exp [— #&]8) « (exp [— #&]T) = exp[— #&](S * T) ; 


we know that 6) is a convolution algebra, hence the result. 
Eeercise. — If 8S, Te S*(I’), Sx T=0, then either S or T is zero. 
THEOREM 10°7. — If S, Te S*(I), 2(S* T) = (L8)(LT). 
Proof. — From (3.1). 
Exercise. — Let P = P(d/(«) be a differential operator with constant coef- 
ficients. Then Pd € é*, and in particular Pd € S*(I’); 2(PT) = P(py(LT). 
Heaercise: 
a) Let Te S*(l’) and assume that T—0 when w§< A. Then, if eT, 
one has &+t&e/ for every t>0; 
b) exp [tB] exp [— #(£°+ t&)|7 remains in a bounded set of S* when t>0; 
c) Reciprocally, consider an open convex set J" such that é°¢ J’ implies: 
&+t&el for every t>0. Let T be in S*(J’) with the property: 


exp [tB] exp |[— a(&+1té)|7e bounded set of S* when ¢t>0, for every 
B<A. Then T=0 if w&< A. Translate this in terms of F(p)= L(T). 


Exercise. — Consider TEeD* in R%. Then J, is either void or a half 
plane: > &. 


LITERATURE 


Scuwarrz: Transformation de Laplace des distributions; Sem. Math. Lund., 
(1952), p. 196. 

Lions: Support dans la transformation de Laplace, Journ. d Anal. Israel, t. I, 
(1952-53), p. 369. 


11. — Vectorial distributions (J. L. Lions). 


111. — Let E be a linear topological space. Let G be an open set in R”. 
We want to define distributions in 6, with values in H. Of course if # is 
one dimensional, say H= OC, the distributions with values in EH have to co- 
incide with elements of D*(G). But, by definition, D*(G)= 2(D(G); EL) space 
of continuous linear mappings from D(G) into H= C. 
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This leads to the following general definition: the space D*(O; /) of distri- 
butions on 6 with values in H is: D*(6; ZH) =L(D(G); EF), space of continuous 
linear mappings from ®(G) into LH. 

This is algebraic. We define now a topology onto D(G; #), as follows: 
let p be a seminorm on #, and B be a bounded set in D(G); if w belongs to 
D*(O; EF), we set 

yx(¥) = sup p(u(f)) , fe B. 


We define in this way a seminorm on 2*(6; £), and when p and B vary, 
the q,,, define the topology on ®*(G; H). (In other words: let V be a neigh- 
borhood of 0 in H; the set of all w such that uw(f) eV for fe B defines a neigh- 
borhood of 0 in D*(G; #)). 


Remark. — This is the general way to define a topology on 2(A; B) = space 
of continuous linear mappings from A to ZG, A and @ being two linear topo- 
logical spaces. Example: 2(S; 5); this defines the topology on G6, and G.. 


Hwercise. - To check that when H=C, 2(D(G); ZL) has the same topo- 
logy that D*(O). 


We admit here the following rather technical Lemma: 


LEMMA 11°1. — If w is a linear mapping from D(O) into # which transforms 
-bounded sets in D(G) into bounded sets in H, then wu is continuous. 
This Lemma has an important consequence: 


THEOREM 111. — If E# is complete, then D*(G; H) is complete. 


Proof. — Let u, be a Cauchy sequence in M*(6; H). This means that ¢, ,(wn) 
is a Cauchy sequence in O. In particular, for every f € D(G)and every p, p(w,(f)) 
is a Cauchy sequence. Since we assume that H is complete, it follows that 
u,(f) > u(f) in EZ. This defines a linear mapping: f > u(f) from D(O) into EL. 
The main part of the proof consists in proving that this mapping is continuous. 
Take B, bounded set in D(G), and let p be an arbitrary seminorm on H. Since 
Gy.n(U%n) 18 a Cauchy sequence, p(u(f)) is bounded when fe B. This means that 
uw transforms B into a bounded set in H, and by Lemma 11°1, wu is continuous. 
The « proof » is completed (except that we consider sequences instead of filters). 


Example. — D*(O) is complete. 
Other example: we define the space of tempered distributions with values 
in H, say S*(£), by 
S*(#) = 2(8; £). 
An analogous Lemma to Lemma 11°1 holds; then, if HZ is complete, S*(£) 


is complete. 
We allways assume in the following that # is complete. 
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Remark. 111. — A special case of fundamental importance is the case when 
EH = @*(6,), 6; = open set in R”. We shall study this case in Section 12. 


11°2. The technical theory of vectorial distributions. 


a) Consider Te D*(G), ee H; then the mapping 


fa Gide = ( f 2%0) p12) a2) a 


is a continuous linear mapping from D(G) into H. It defines an element of 
D*(G); H), denoted by T @e. 

Functional notation for vectorial distributions: if Ze D*(G; #) we shall 
write also T(x), so that T(fy= | Ta) f(w)dxw: the situation is the same as 
in the ordinary case (H=(), except that here the integral is taken in #. 
Note that this is formal. 

Consider now a function F(x), continuous from 6 to # (this means: for every 
semi-norm p, p(F(«)) is an ordinary continuous function on G). If f e¢ D(G) one 
can consider the integral { F(a) f(w) dx, which defines an element of H and a 
continuous linear mapping f > | F(a) f(vw) dx from D(G) to HE (this is a theo- 
rem!). Then F(z) defines a distribution € D*(G; EH), always denoted by F(z). 


b) Supports. Straighforward. 
Exercise. — supp (T © e) = supp (T). 
c) Derivatives..- 
DOT) Se (oe 1) ED fe LED" Osb), Sf eD Op 
D* is a continuous linear mapping of ®*(G6; FZ) into itself. 
Exercise. — supp (D*T) c supp (7). 
Exercise. — D?(T @ e) = (D?T) @e. 
d) Multiplication: let a be in €(6), TED*(G; EL). We define aZ by 


aT(f)= Taf), fEeD(), 


and this defines a continuous linear mapping 7 —>aT of @*(G; #) into 
itself. 


Exercise. — a(T © e) = (aT) @e. 
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e) Regularization. — Assume to simplify that G=R". Let pm be in 
D=D(k"); we define 


Lx g(a) =| Wye —nay 


One proves easily that « + Tx q(x) is an infinitely differentiable function in 
R” with values in HE. If g¢,eD > 6 in €*, Txy,>T. 


Exercise. — (T ®e)*p =(T#qy) @e, TED*(G6), eek. 
Exercise. — D?(T xy) = (D?T)*y, TED*(6; L), pED(G). 


f) Local structure of vectorial distributions. — Let G, be a bounded open 
set, 6,C0,cO. Every TeD*(6; H) defines in an obvious way an element 
of D*(6,; H) (the restriction of T to G,). We shall say that 7 is of finite 
order in O,, say m, if the mapping 


bE) 


of D(G,) into # is continuous for M(G,) provided with the topology induced by 
D"(O;). 
If H=O we know that every distribution is of finite order on G,. 


Caution: this can be false in an infinitely dimensional space. We give the 
following very simple counter example: take H=@(GO), and T= identity 
mapping. Then 7 restricted to 6, is simply the mapping f +f from D(G,) 
into D(6,), and this mapping is never continuous on D(G6,) provided with the 
topology of D‘”(G,). 

A positive result is: 


THEOREM 11°2. - If H# is a Banach space, every 7 € D*(G; £) is of finite 
order on 6,. We admit this result. 


11°3. Fourier transform. — We have already defined S*(H) = 2(S; EZ). Ut 
TeES(E), fES, we set 


(3.1) US TNF 7)’ 


The mapping f > 7T(¥f) is continuous of S to #; then (3.1) defines 
Te S*(E£) and 


THEOREM 11°3. — ¥ is an isomorphism of S*(#) onto itself, with in- 
verse F. 
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Exercise. — If H=C the above definition of FZ coincides with the pre- 
vious one. 

Ewvercise. — F(D°T) = (2n1x)? FT. 

Hexercise (Laplace transform): 

a) Let I” be an open set convex in R"; by S,(#) we mean the space of 
distributions Te@D*(R"; HF) such that exp[—w#é|TeS*(H) for every el. 
Define the topology on S;(Z). Prove that S;(H)=S*(L), if H=C. 

b) We define 2(7) = F(exp[—#é]7). What kind of element is this? 
Consider T=S@e, SeS*(f), e€H. Prove that O(D*T) = p*L(T). 

11°4. An example of convolutions of distributions with vectorial values. — Let 


HL, F', G be three Banach spaces; then 2(H#; F), 2(F; G), and so on are Banach 
spaces. To simplify the writing, we set 


€*(R; B) = E* EB),  D*(R; B) = D*(B). 
We consider now S ¢ D*(L(H; F)), Te €*(L(F; G)); then one can define: 
(4.1) [2@—nsura EEN an) T x 8S eD* (L(E; G)) 


(If S and 7 are continuous functions with values in 2(#; F) and L(F; @) 
formula (4.1) is easily understood: for every a, T(a — y)S(y) € 2H; @), and 
depends continuously on y. Moreover, 7 being with compact support, the 
integral is extended to a compact set in R”, so that the integral converges in 
L(L#;G). You can think of the general case by passing to the limit: if 
T,—>T, 8,—>S in €*(L2(F; @)), D*(L(L; F)), then one can prove that T,* 8, 
converges in D* (L(H; G)), to 7*S by definition; details of the proof are 
rather involved.) 
If G=, one can define Sx TeD*(L(F; F)). 


LITERATURE 


Scuwartz: Théorie des distributions a valewrs vectorielles. Annales Institut Fourier 
Go AVG QU SA ae 


12. — The nuclear theorem of Schwartz (J. L. Lions). 
12°1. — Notations: we consider Rk” = X", re X", R™= Y™, ye Y™, the spa- 
ces D(X"), D*(X"), .... are denoted by: 
D,D,; Dy D, . 
We consider also X*x Y"; D(X" x Y")=QD_, D*(X"x Y") = D* 


ay? ay* 
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We want to study the space 
(1.1) eee (D Ds . 


By Section 11 we know that this space is complete. The main theorem we 
want to prove is: 


THEOREM 12°1. — (Nuclear Theorem of Schwartz): 2(D,; D>) = D*,, alge- 
braically and topologically. 

The sign = has to be interpreted in a suitable way, as explained in the 
following. We divide the proof in three steps. (The following method is due 
to L. EHRENPREIS). 


12°2. The mapping defined by D>, — Let T be a distribution given in D.. 
We can associate to 7 a continuous linear mapping, say u,, of D, into D, 
in the following way: if 


1 ay eat ee atu =| [en Kerge y) dovdy 


is a continuous linear form on @,, then 


(2.1) | fr x, y) fa) gly)dady = <urlf), g>; unl f) EDF. 


It is easily checked that f > u,(f) is continuous of D, to D;. In other words 


(2.2) UpEd. 


LEMMA 12°1. — The mapping T > wu, of D;, into J is one to one. 
Proof. — Because D,@ @D, is dense in @,,. 


By Lemma 12°1 we can identify D* with a subspace of J (identification 
of 7 and u,). 

In the next step we compare on D. the natural topology and the topology 
induced by J. 


12°3. - LemMA 12:2. D> cJ topologically; in other words: 7 —u, is 
continuous of D*, into J. 


Proof. — Assume that 7, +0 in D;. Let B, be a bounded set in @,. 
We have to prove that w, (f) > 0 in @D, uniformly for fe B,, i.¢. <u, (f), g> > 9 
uniformly for f¢ B,, g€ 3 where B, is a bounded set in D,. But this equals 
<T,,, f(@)g(y)>; when feEB,, geB,, f(x)g(y) belongs to a bounded set in @,,, 
hence the result. 

Actually, one can prove more, and this is the main part of the proof: 
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LEMMA 12°3. — The topology D*, is identical with the topology induced by J. 


Proof. — Assume now that u, +0 in J. Then we can conclude that, given 
B, and B', bounded sets in M, and Q,, 


<T,,, f(x)gly)> +0 uniformly for fe B, and geB). 


We have to prove that this implies: 
<T,, h(a, y)> +90 uniformly for he B., = bounded set in Day, . 


This follows from the 
LEMMA 12°4, — Let B be a bounded set in @,,,. Then we can find B, and B,, 
bounded sets in DM, and M,, such that, every he B can be written 


(3.1) h(x, y) = DAF A)g() 5 


where > |A,|< M, f,e Bi, 9,€ Bi. 


Proof. — The functions of B have their supports in a fixed cube, say 
J—«a, a["*™. We set: a=a+1, and Q=]—a, +a["*™ For heB, let h* 
be the extension of h by periodicity, period a in all of the variables. Then h* 
can be written as a Fourier seties: 


a 
— ka 
| exp 


me 
h*(@,y) = > Cur EXD oe ly ¢ 


ki = (Ki oy Wn) as iy ba Wee i deers: 
The sequence ¢,, is a sequence with fast decrease, namely: for every poly- 
nomial @, |Q(k, l)¢,,| is bounded by M,, and this uniformly when he B 
(easy to verify by integrations by parts of the formulas giving the coeffi- 


cients ¢, ,). 
We take now 06€D(Q), =1 on |—a, + «[-"+" O(a, y) = 0,(7)6.(y). We have 


h = On > Oey (0, exp E ke (0 exp = u)) : 


and this can be written 


h= > Cnr |Cx,r|~? (0, le.2|4 exp | kr 


) (oearon fe 


\ 
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Now: 
1) 
— kx 
a 


6, | ¢x,1|* exp = fr. € bounded set in D,, 


65 |@n.|* exp 


= ly = 9x,.€ bounded set in D,; 


and the proof is completed. 
In the following step, we prove the nuclear theorem. 


12'4..— LEMMA 125. Let we L(D,;€,)cJ. Then there exists Te D>, 
such that «= u,. 


Proof. — If fe @D,, f > w(f)(y) is a continuous’ linear form on @,, hence 
iN =[8" (e)fle)de, (x) EDS. 
The function y — S(x) is infinitely differentiable from Y”" into D*; we set 
Sez T(e, y). Obviously, u= u,. 
Exercise. — Prove an analogous result replacing €, by €). 
LEMMA 12°6. — D>, is dense in J. 


Proof. — Let we J. Consider o,, sequence of DM, with o, > 6. For fe@, 
we set 


(12°4.1) Un(f) = U(f) * Qn 
We define in this way v,¢2(D,;€,). By Lemma 12°5, u,=4u,. Since 
0, — 0, (4.1) implies: u,—>w in S, i.e. u, >u in J. Lemma 12°6 is proved. 


Proof of Theorem 12°1. - D,, is a subspace of J, with the topology induced, 
Since it is complete it is closed in J. But it is dense. Conclusion: D, = J. 


Remark. Every we 2(9,; M*) can be written in a unique way 


1 = es T(x, y) is the kernel of u. 


12°5. Some related results. 


a) Let O and OG’ be open sets in R" and Rk”. The same proof as above 
gives: 


2(D(6.); D*(6,)) = D*(G.X O,) « 
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b) Ewercise: Prove that €7,c 2(€,; €,) (by a mapping analogous to 
T +> U,). 
Actually one can prove that € = 2(€,; €%). 


c) Exercise: Prove that S)c p(S,; S;). 
One can prove that 


So. = P(ds36,) - 
12°6. Some hints on applications. — In many applications, we work with 
two (or more...) spaces of functions or distributions, say to fix the ideas: 


EH, = space of distributions on O,, 


F, = space of distributions on G,. 


Except in the case of spaces of analytic functions (but then there are much 
more elementary direct results), we have D(G,)c H,, F,c D*(G,). 

Then if w is given, continuous linear mapping of #, into F',, w defines 
in particular a continuous linear mapping of D(G,) into D*(G,), so that: 
U=4U,, TCoD*(G,x 0); of course 7 has supplementary properties, and it can 
be very difficult to write down explicitly these supplementary properties, but 
it is already very interesting to know that for fe D(O,), u(f) = | T(x, y) f(a) dx. 

6 


Hxample. — Let D be a partial differential operator, continuous linear map- 
ping of # into #; H and F are spaces of functions or distributions, the 
boundary conditions being included in H. We prove (or try to prove) directly 
that D is an isomorphism of H# onto F (directly means, for instance, by L? 
estimates). Then D-'=@; the kernel of G, say @(a, y), is the Green’s kernel 
of the problem. 


LITERATURE 


Scuwartz: Théorie des distributions a valeurs vectorielles. Annales Institut Fourier, 
t. VII and t. VIII. 
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Theory of Lie Groups. 
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1. — Basie notions. 


Consider a group where the elements are functions of a certain set of para- 
meters, i.e. the element x is represented by the set of parameters (x1, a, ..., x’), 
which are ¢-numbers. Thus 


(Dy seas in ese) 

Y= (y%, Pry GY” vy) 
Then the composition law xy=z implies the functional dependence 
(1) BAG ite 0s Uy Ye. YT) = ap" (2, y) Cae Ree el | 
The associative law (xy)e= x(yz) then implies that 


(2) ¢ ((2, Y), 2) a Pp (2, PY, 2)) =0. 


The parameters are so chosen that the unit element J is represented by 
I= (0, 0, ..., 0). 

The idea of LIE is to consider only infinitesimal elements of the group, 
i.e. those elements which lie in the immediate neighbourhood of the unit ele- 
ment. This is sufficient because it is found that the properties of these cha- 
racterize almost all properties of the group. 

From the definition of the unit element we have that 


(3) Pz, 0) =a, -P0O,y=y¥. 
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If we consider g*(x, y) for « and y in the neighbourhood of the unit ele- 
ment, so that all the a and y* are infinitesimal, we can expand ¢*(a, y) in a 
power series in the «* and y*: 

(4) gp" (a, y) = a + y* + 08 Py” + Gh ge? a’y? + hg sery’y + (4) , 
(where the dummy suffix summation convention is used), for by (3) if either 


x or y vanishes, we have to get y* or a respectively. 
If we replace y by a! in (4), then the R.H.S. must vanish. Solving we find 


(5) (a-1)* = — a + af wa” + 0(3) . 
Further we obtain from (4) and (5): 
(6) @*(a-, y-1) = — a + a6, 0 a? — y + ak yb y” + af ay” + 0(3) . 


For every pair of elements # and y we define their commutator u by 


(7) C= xyn4y, 
Hence 
(7’) Ue = y* (p(a, y), p(x, y)) : 


If x and y are infinitesimal, we can use (4) and (6) and obtain 
Ut = a + + a8 ah y” gre ap Pe” — yf + a yO y? + af Py 4 
+ a8, (a? + y?)(— a” — y”) +.0(8) = af, aF y” — af, yPa” + 0(3) = 
—— (a3) — arn) 0° y” ae 0(3) 3 


2. — The structure of the group. 
We define the structure constants C3, of the group by 
(8) Cb, = Bay — Ap 
Then the above gives 
(9) ‘ u = 8,0 y? + 0(3) b] 
and of course we have 


(10) O%, =— 0%,. 
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We see that for an Abelian group, for which wy= yx, the commutator 
vanishes. Therefore by (9) all the structure constants vanish for an Abelian 
group. 

We next substitute the basic expansion (4) into the associative law (2) 
and set the coefficient of each product of the «*, y*, 2* independently equal 
to zero. All the coefficients of the first and second order products vanish 
automatically. 

The condition that all the coefficients of the third order products vanish, 
gives a set of equations between the various a3,, gj, and h%,,. It is possible 
to eliminate all the g’s and h’s and we then obtain the condition on the 


oe pe Ae 
Coy iy Wey a8 
as 


(11) 7, 0%, + 07,05, + 0%,05, = 0. 


(Note: the three terms are obtained from the first by cycling the fy.) 


Lire has shown that we do not need to worry about higher orders in the 
expansion of the associative law, because if the C3, satisfy (10) and (11), then 
there exists a set of y-s satisfying (2) in all orders and such that wu defined 
by (7’) does have the development given in (9). The Cj. are not sufficient to 
determine the m completely. This corresponds to the arbitrariness in the 
choice of the parametrization. However, LIE has shown that groups having 
the same structure constants, are isomorphic in the neighbourhood of the unit 

~element and at least homomorphic to a third group in the large. In other 
words, the C%,-s, i.e. the commutator of any two elements determine the 
structure of the group completely. This is Lie’s fundamental theorem. 

As examples of application, we consider the structures imposed on the 
group if some of the C%, vanish. 

Let p be an integer <7, and agree to denote any index « which is < p 
by a latin letter from the beginning of the alphabet, and any index « which 
is > p, by a latin letter from the end of the latin alphabet. 


Example 1..— 0%,=0 for all a, b<p and s>vyp. Then the C%, satisfy 
the conditions (10) and (11) for a group with p parameters. Clearly the ele- 
ments of this group are the subset of the elements of the group with r para- 
meters, having all parameters «*=0 for «>~p. Thus we have a subgroup 
of the original group. 


Example 2. — CL,=0 for alls > p,b <p and alla. Then from Example 1 
we know that we have a subgroup whose elements y have y°=0. For any 
group element « the commutator with an y has w= 0}, a%y’= C3,a%y’ = 0. 
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Thus w belongs to the subgroup and so does uy = xyx-'. That is, if y belongs 
to the subgroup, so does zyx! for all a, 7.e. we have an invariant subgroup. 


Example 3. — Suppose we have an invariant Abelian subgroup and the 
parametrization of the group is such that all elements w of the subgroup have 
2° —0fors>p. Then from Example 2 we have that C{,= 0. Further C?,=0 
because of the Abelian property. 

Then consider the symmetric quadratic form 


(12) Gap = Cho Cho - 
If «=a<p, then 
Jap = oe Cio o 


But 02,=— C®,=0 if o> p; we can restrict the summation over @ to one 
over b <p, thus 5 
Iag = Cio O pg 3 
Similarly, since Cf,=0 if o> p, the o summation can be replaced by one 
over d<p. Therefore 

Jag = Coa Cop c 


But C2,=0, thus Jaz = 0, 1.€. the first p rows of the matrix g,, vanish; hence 
detg=0. Since any change of the parametrization, that is a co-ordinate 
transformation, multiplies det g by a finite non vanishing constant and there- 


fore leaves the equation detg=0 invariant, it follows that if any invariant _ 


Abelian subgroup exists then detg=0. CARTAN proved that the converse is 
also true. 

This result is of importance since we know that all reducible representations 
of a group are completely reducible unless there is an invariant Abelian sub- 
group. (A group whose all representations are completely reducible, 7.e. one 
with detg+0 is called semisimple.) 


3. — Representations of the group. 


We now turn to the problem of finding the representations of the group, 
i.e. a set of matrices D(x) with the property 


D(x) Dy) = D(ay) . 


Consider elements a(t) lying on a curve «*= a*(t) passing through the ori- 
gin, with #*(0)= 0. Define &*= (da*/dt),_,, so that (1) = 1é*+ 0(r?). Si- 
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milarly let y=y(t) lie on another curve through the origin with 7* =(dy*/dt), _, 
so that y*(t) = 7*t+0(t?). We may think on the é*-s as components of 
a vector § = (da(t)/dt),_, which is along the tangent at the origin to the curve 
“%=a(t). We can define a set of basic vectors e,, then §= &*e,, and simi- 
larly y= 7)"e,. 

Consider 


u(t) = O50 y” + 0(3) = One tt + 0(3) . 
u*(t) defines a third curve passing through the origin, having J as its tangent 
vector, where 


Jes eat ; 


Consider now D(a#(r)). We have 


Racal ie dr 
dt ) nies on dt gas 


oD d oD ps &, 
Oa dt (err o(e") ae (| ay. mein Oe 


where the 


are known as the infinitesimal operators of the representation. 
Now expand D(x) in powers of t: 


D(x) =1+ 78D, + eH + 0(z*). 
Then determine D(«#-') from the requirement D(«%)D(#-!)=1 obtaining 


D(a) =1 — cD, + 7(E°D,)* — v2 E +- 0(7°) . 


Similarly 
Diy) SL yD, + 7h" + 0(r*) 
and 
yt) tp rile) oH 4: O(c") 
Therefore 


D(u) = D(x) Dy) D(a) Dy) = 14+ 2 — 4’ DD, + & Dyn’D,) + 0(7) . 


Thus 


dD(u) 
d ~ | Pa Ey" (DpD, — D,Dg) . 
tT 0 


(13) ( 


1503 


72 G. RACAH 


On the other hand, since 


ue = 03, Ey? + 0(x°) 
we have: 


/t=0 tT=0 U=J] : 


dt? ou* dt? ou" 
By comparison with (13) we see that the D, must satisfy the conditions 


(14) [D,, D,]= D,D,— D,D, = C;,D, . 

Thus we have shown that if we have a representation of a group, we can obtain 
a set of r constant matrices which satisfy a set of commutation rules defined 
by the structure constants. The antisymmetry of [D,,D,] in 6 and y and 
the Jacobi identity 


[D,[D;, D,]] + [DelP,, D1) + [P,[P., D,]] = 9, 


when applied to (14), lead immediately to the conditions (10) and (11) on the 
Cz,, 8o that the restrictions on the structure constants are just those neces- 
sary to ensure a non-trivial solution of (14). Further, the inverse theorem 
also holds, i.e. if there is a set of r constant matrices satisfying (14), then they 
generate uniquely by integration a representation of the group. Thus the 
problem of finding an r-fold infinity of representative matrices reduces to 
that of finding r matrices. This problem was solved by CARTAN in 1913. 


4. — Classification of representations. 


We now attempt to obtain a set of classifying labels for the various irre- 
ducible representations of a semisimple group. For such a group detg+~0, 
so that g,, has an inverse, say g*’, with 


Ope One 
We use the g*? and 9,; tor the raising and lowering of indices. Thus for instance 


ad C—O? OF 0 
Capy = 9x8 On, = AOE 80 Chy 5 


But by (11) 


o to} o ) o te) 
UR Rea oe 


oy “of ? 
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therefore 
; é 6 
rag =e. Bo i ae Ce Cro : 


yo 


Thus 
Opry ap Cb O58 Ce Cho v5 a : 


ve 
In the first term of C;,,, make the replacements o > 0, 9 > 6, 6 +o, and 
in the second term make the replacements o — 6, 6 — 0, 0 +o. Then one 
obtains 


and obviously this is true for any pair of indices, i.e. C,,, is totally anti- 


y 


symmetric. 
Then 
Ox. ~ y” “gh Cx, Be gg OES. see. rg O43 ents On, f 
therefore 
(15) igs? a OES = ()ie 


We are now ready to look for the set of classifying labels. 
For a given representation which has the infinitesimal operators D. we 
form the operator F in this representation space, defined as 


vi = gD, ] 


F is known as the Casimir operator. 
We can show that / commutes with all the D, and consequently by inte- 


a“ 


gration with all the D(x) of the representation. In fact: 
[¥, D] = 9°[D.D,, D,| = 9° {D[D,D,] + (D,D,|D,} = 


= G4 ORD. sie CD Diy = D, cr pe a Oo” DD, . 


In the second term replace the dummy y by « and f by y; we then obtain,. 
using (15) 


(dt D,| S= (Gre: 4. C2).D_D., =). 


Thus F indeed commutes with all the matrices of the representation. There- 
fore, as we are considering an irreducible representation, by Schur’s lemma, 


ee AL ys 
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Thus 2, the eigenvalue of the Casimir operator in the space of the irreducible 
representation under consideration, can be used as a label characterizing this 
representation. 

The question arises whether or not all inequivalent irreducible representations 
have different A. In general (contrast the rotation group in 3 dimensions) 
different representations may have the same A, so that we must look for 
further labels. 

One approach is to form further Casimir operators by means of a genera- 
lized g,, defined as 


X xBy-.% 7 CPOs eS Ce 


We then raise all the indices on y by means of the g’”, and finally saturate 
all the indices on y**"* with D,D,...D,. Thus we form 


i ee etiviters: 
ERAT AD Dead 


It is easy to show that this also commutes with all the matrices of the 
representation under consideration, and so # gives us a label 2. 

Now the set {2} may or may not form an unequivocal characterization 
of all the inequivalent irreducible representations of the group. In the case 
of simple groups the set {A} is sufficient if for all the representations D and 
(D-)? are equivalent representations. If this is not the case or the group is 
only semisimple, it is still possible to find further generalized Casimir opera- 
tors whose eigenvalues are sufficient to give a complete characterization. 


1506 


UPPLEMENTO AL VOLUME XIV, SERIE X° N. 1, 1959 
9EL NUOVO CIMENTO 4° T'rimestre 


Four Dimensional Orthogonal Groups. 


G. RACAH 


The Hebrew University - Jerusalem 


. — Basie notions and main theorem. 


Consider a linear mapping of a four dimensional space v, (i =—1, 2, 3, 4) 
nto itself 


4 
L, = > Minn » 
K=1 
vhere the coefficients are restricted by the orthogonality condition 
4 
> Ain Uj, = 0%; ’ 
k=1 


vhich ensures that x{+a3+a3+ 4a} remains invariant. It is easily seen that 
hese transformations form a group, the 4-dimensional (complex) orthogonal 
roup, denoted by O,. Making the restriction that all the a, are real, we 
btain a subgroup #,, the four dimensional rotation group. Another subgroup 
; that of the homogeneous Lorentz transformations LZ, obtained by restricting 
in» to be real if both 7 and k are 1, 2, 3 or if i=k=4, and otherwise to be 
ure imaginary. (Here 7,, x, 7; are taken to be real and x,= ict pure ima- 
inary.) 

A further subgroup is obtained by restricting a,, to be 1 and a,,= a,=0 
i—1, 2,3). This is the 3-dimensional (complex) orthogonal group 0;. When 
urther all the coefficients in O, are restricted to be real we obtain the sub- 
roup R, of 3-dimensional rotations. 

Our purpose is to study the structure of these various groups. We follow 
he treatment of ErNsTErN and Mayer (Berl. Ber. (1931)). 
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Consider a particular element of O, of the form 


where 
2+ m?+ n+p? = 1. 


D is the sum of a multiple of the unit matrix and a self-dual antisymmetric 
matrix. It is readily verified that D indeed belongs to 0,. Further the pro- 
duct of any two D’s is again of the same type. (This assertion will be 
demonstrated in the following also indirectly). 

Thus the D’s form a subgroup of 0,. 

Similarly we can consider another set of elements of O, of the form 


eked ut —v —4p 
ot A a—»Y 


where 


24+ ttt aad. 


This is the sum of a multiple of the unit matrix and an antiselfdual anti- 
symmetric matrix. Everything we stated above for the D’s holds also for 
the A’s. Further, every D commutes with every A. 

We assert that any member of 0, may be written as the product of a D 
and a A and this factorization is unique up to afactor +1 or —1 in both D 
and A simultaneously. To prove this, we make use of the well known result 
that any finite element of O, can be obtained by successive application’ of 
infinitesimal transformations. (This holds naturally only if we restrict our- 
selves to transformations with deta= +1). 

The most general infinitesimal transformation of O, has the form 


an = Dix “in Cin 9 


with jex,/<1 and eg,=— &,. 
Now take a D with /=1 and m, n and p infinitesimal and similarly a 
A with A=1 and yp, » and a infinitesimal. Then 


(DA) x = (AD) in = Sixt &p 5 
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where ¢,, is clearly antisymmetric and 
C= Dnt Ayn (for iA /k). 


It is easily seen that there always exists a set of infinitesimal m, n, p, uw, v 
and a such that ¢,,—e,,, namely 


pee ed Nou 
9 ? 
Ban > Bay 

ee 23 5 1 , ete 


Thus any infinitesimal element of O, is indeed the product of an infini- 
tesimal D with an infinitesimal A, and since [D, A4]=0, a sequence of infi- 
tesimal transformations in O, generating an arbitrary finite element may be 
written 


TI (4) = TTD) (TT 4) = D4 


proving our assertion. 

Consequently it follows that the group O, is the direct product, of the 
sroup of the D’s with that of the A’s. Actually, due to the arbitrariness in 
the choice of +1, this direct product runs over 0, twice. Also, the group 
of the D’s is an invariant subgroup of O,. For, let G—= DA be any element 
of O;. Then 


(OD'G"* = DAD A*D? = DI'AAD = DI'D'=D', 


which belongs to the subgroup of D’s. Similarly, the group of the A’s is an 
invariant subgroup. 


2. — Structure of O, and its subgroups. 


We now go on to investigate the properties of the subgroups of the D’s 
and A’s. Knowing that O, is a non-trivial direct product of two groups, it 
follows that all the matrices of 0, may be written after the application of a 
similarity transformation JZ as the direct (Kronecker) product of two 2x2 
matrices; and that in particular after this transformation the D’s and A’s 
will have the form 1x8 and Vx1. This gives us enough information to find 
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the J. Such a TZ is for instance: 


0 0 a 1 
ase ae ke tat 0 0 
Neh ou eee 0 0 
ie =) 0 —1 1 | 
Indeed 
| t+ip 0 m—in Oise] 
| 0 l+ ip 0 ain 
D'=TDT= ‘ 
— (m+ in) 0 l— wp 0 
0 — (m+ im) 0 1— ip | 
Ls m — in| 
— (m+ in) La 1p | 0 
and 
| A — ix p+w 0 0 
(ip A+ iz 0 0 
A'= TAT =| es ) : = 
| 0 0 A— in pti 
| 0 0 — (u—iw) A+in 
if 0. A— in + iy | 
= x S = 1ix Se 
0 il — (u— Ww) A+ ix 


It follows that any element @G= DA of O, will go to the form @’= D’A’= 
= (1x 8)-(Vx1)=VxS after the transformation T. 
The conditions /?+ m?+n?+ p?=1 and /A?+y?+7?+ 2?=1 have the con- 
sequence that both S and V are unimodular matrices, i.e. det S= detV=1. 
(Incidentally, it is now trivial from the properties of the direct product to 
see that both the D’s and A’s form subgroups of O, and that [D, A4]=0). 
Summing up, as regards O,, we see that it is homomorphic to the direct 
product of the two-dimensional unimodular group O, with itself: 


U 
0, ~~ OF x Cs . 
This is a homomorphism and not an isomorphism because of the arbitra- 


riness in the simultaneous signs of the matrices in C, and Q). 
We now investigate the structure of the various subgroups of 0,. To this 
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end we calculate explicitly the product of a D and a A: 


lA + mp — | In t+pat | — (+ nay+ mA — Iu + . 

—ny— pr | + my + nu + mx-+ pu + nam — py | 

—(la+ pa)+ | Ut+nv— Iu + ma + nA —ly + / 

+ my + ny — mp — pr + nz + py + pu — mz | 

es eer 
y+ na + —(lu+md)+ | lA+ pa — pa —Ia+ 

+ mr + pe | + nT +- py — Mu —ny | + my — ny | 
Iu — ma+ | y+ pu — la — pat A+ mu + 

+ na — py —mn— na | + my — nu + my + px | 


To obtain the subgroups R,, LZ, O, and R,; we make restrictions on the 


Be tgs base D5 OU: 
For R, we must have all of these real. Then S and V both have the form 


tp] wien Joliet =a. 


That is, the S and V matrices are now restricted to be also unitary, i.e. they 
both belong to the two-dimensional unitary unimodular group U,. Therefore 


Re-0,xU,. 


Next if we take 


then DA has the form of an element of L. Since now V=S, therefore Co. 
is completely determined by C, so that 


TPASIO yt 
Proceeding, we obtain O, by the restrictions 
be Ne ge TS Ug bs Ph S00 
Thus V and S are again not independent; therefore 
O,~ O,. 


We note in passing that this implies that 0, and Z are isomorphic. 
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Finally if we take all /, m, ..., v, 7 real and retain 1=/ ... p=a we obtain Ry. 
Then S and V are unitary unimodular matrices and related to each other; 
consequently 

R;~ U,. 


We emphasize the fact that R, and LZ have very different structures. In 
particular Rk, is homomorphic to the product of a group with itself, while L 
is homomorphic to a simple group. 


3. — Representations. 


This important difference is hidden when we pass to consideration of the 
representations of R, and L, for these turn out to have the same algebraic 
form, but for different reasons. 

Considering first R,, it is known that one obtains all irreducible represen- 
tations of a product group by taking Kronecker products of the irreducible 
representations of the component groups. The irreducible representations of 
U, are well known (of Wigner), these are the so called D” representations with 
j=0, 4, 1, 3,... of dimensionality 2j+1. Thus the irreducible representations 
of R, have the form D®(U,)x D9(U,). 

Turning now to the irreducible representations of DL, these are the irre- 
ducible representations of C,. These are obtained by considering linear sub- 
stitutions onto the homogeneous polynomials of degree 27 in variables € and 7, 
generated by 


e \é|_ Ja Bilé 
= Cx(aiy) * = y allel 


where «6 — py=1. 

These representations are the M9(C,) and are analytic functions of a, f, 
y, 6. But D(C.) also is a representation of C, and is not an analytic function 
of a, 6, y, 6 unless the matrix O, is unitary. It is known that in general the 
direct product of two representations DY and MD’ igs reducible (Clebsch-Gordan 
theorem). But thisis not true for D”(C,) x D(C), since in the proof of this 
theorem use is made of differentiation with respect to the parameters of C., 
but C, is not an analytic function of O,. Thus 


we E 4 x DW) E 5] = Da, By y 0, &, B, Y) 6); 


is indeed irreducible and is the most general irreducible representation of L. 
This is very similar in form to the irreducible representations of R, as given 
above. However this should not mask the essential difference in the nature 
of the groups DZ and R,. 
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Relativistic Invariance and Quantum Mechanics. 


Notes by 


A. BARUT 


Syracuse University - Syracuse N.Y. 


on lectures by 


A. S. WIGHTMAN 


Princeton University - Princeton N.J. 


In the following discussion the usual description of Q.M. in terms of state 
vectors in Hilbert space will be assumed. The object of the analysis is to obtain 
the maximum consequences of relativistic invariance under very general as- 
sumptions independent of the dynamical structure of the system. 

This analysis is due to WIGNER [1]. 

There are two notions of state in Q.M.: 


1) Instantaneous state describing the results of all observations at a 
particular instant. 


2) State sub: specie aeternitatis describing the results of all possible ex- 
periments during the whole history of the system (including perhaps experi- 
ments which cannot be performed instantaneously). 


In the Heisenberg picture the state of the second type is described by a 
single vector normalized to one up to phase, a unit ray, in the Hilbert space. 
In the Schrédinger picture a family of vectors is needed. 

Physically realizable unit rays are those which correspond to states which 
actually can be produced in the laboratory. This distinction is necessary be- 
cause there are rays which are not physically realizable. For example, two 
vectors corresponding to states of different charge may not be added to give 
a ray corresponding to a physically realizable state (*). 


(7) E. P. WigNER: Ann. Math., 40, 149 (1939). 
(2) C. G. Wick, E. P. Wigner and A.S. Wieurman: Phys. Rev., 88, 101 (1952). 
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In the following we shall use the second type of state exclusively. 
To find the conditions for relativistic invariance we first discuss two notions 
of identity of physical systems: 
1) bodily identity: the same systems is viewed by different observers A 
and B having different relations to the system, 


2) subjective identity: A and B observe different systems in exactly the 


“ 


Same way. 


We have then the following situation: 


Observer A Observer B 
Co-ordinate system «4 Co-ordinate system 
Rays ©,€2#, Rays @,€#, H — Hilbert space 


Self-adjoint operators Q, Self-adjoint operators Q,, 


We must make a number of assumptions about what A and B can observe. 
We assume, for example, that the system does not affect the co-ordinate 
system (as it does e.g. in general relativity). 

With respect to the concept of bodily identity we assume that every expe- 
riment of A is a possible one for B. Precisely, there exists a 1— 1 mapping, 
b,.-4; between physically realizable rays ®, of an observer A onto those of 
any other observer B with the property: 


(1) Cn Q, ®,) — (0,2,2,,; QO, 0,4 ®,) ’ 


where Q, and @, represent bodily the same experiment. 
The mapping bd also satisfies: 


(2) b 


For the subjective identity, on the other hand, we assume that A and B 
find all possible states of the system to be the same i.e. all observers see the 
same world. Precisely, there exists a mapping s,._, with the same properties 
Ca a 

We obtain a relation between the mappings s and b by considering four ob- 
servers A, A’, B, B’. If A’ is related to A by the same relativistic trans- 
formation g as B’ to B, then states subjectively identical forA and B are also 
subjectively identical for A’ and B’. Thus, we must assume the relation 


flee Ones Spe bey ’ 
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or writing B’=gB and A’=gA, 


(3) b 


B<—gB 


1s b 


8 B<A ~A<—gA * 


gB<—gA 

The above discussion of relativistic invariance is based on the so-called 
« passive point of view» in contrast to the «active point of view» where a 
single observer is considered and to any state and any relativistic transfor- 
mation there is associated a transformed state. In the latter case the relati- 
vistic invariance reduces to the requirement that relations are the same be- 
tween the transformed states as between the original states. The active point 
of view is more convenient to work with and has the advantage of avoiding 
the concept of inverted observers; it will be adopted in the following. 

We now prove the following 


THEOREM. — s,. ,5,.., (which maps the state seen by A onto the state 
subjectively the same as that seen by B) defines a realization of the relati- 


vity group. 


Proof. — We have to show that 


(4) Nap ppt) eg ge ep. Ores 


where B=g,A, C=g,A, and D= (g,g,)A. 
Now 


De fd Sy<g, Uline 85, 4<9499 A Us ye gia ? 
from (3). Inserting this in the left hand side of (4) and using (2), we get the 
right hand side of (4).. 

The active interpretation of relativity transformations requires that for 
each ®, = @ there exists a corresponding ®,,, and © — @, is a transformation 
of physically realizable rays into themselves, which preserves physical rela- 
tions between states. @, is simply related to ® by the above mapping 
®,. = Sega Ope, ® ® 

In order to get rid of the observer and to have a single condition, we intro- 
duce transition probabilities |(®, Y)|?, where ® and ¥ are Heisenberg-picture 
states. Then the condition of relativistic invariance (from the active point 
of view) can be simply formulated as 


(2, P) += |(D;, yy) |? : 
Let 6+ @,=T7,%. Then a relativistically invariant theory determines a 


» 
— 
wo 
Li 
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realization of the relativity group by ray correspondences on the physically 
realizable rays which preserves transition probabilities. We show that we 
can choose Z, to be a linear unitary or antiunitary operator (this is not ob- 
vious), thus we deal with unitary (or antiunitary) representations up to a 
factor. ; 

We make the concept of physically realizable states mentioned above more 
precise by the so-called «assumption of commutative superselection rules » as 
follows: let the set of all observables be denoted {A}, then the set of all ope- 
rators B (not necessarily observable) which commute with all A is denoted {A}’. 
{A}’ is assumed to be commutative. Then the Hilbert space breaks up 
into a direct sum of subspaces in which the superposition principle holds un- 
restrictedly (coherent subspaces). (Strictly speaking, we might get a direct 
integral rather than a sum. Here we specifically assume it is a direct sum) 


Examples. — Charge superselection rule, baryon superselection rule. And one 
can derive new superselection rules from relativistic invariance, ¢.g. univalence 
superselection rule. 


We make a final assumption: |@, Y,)|? is continuous in g at the identity. 
The connection between ray transformations and the operators is then incor- 
porated in the following fundamental theorem. 


THEOREM. — «Given a Hilbert space 9 and a ray correspondence 
®_.T7T@® (defined for the unit rays) satisfying |(®@, Y)|?}—|(7®, TV)|2, then 
there exists a unique (up to a phase factor) operator T which is additive, i.e., 
T(®,+ ®,) = T®,+T®,, and either unitary, i.e., (U®, UW) = (®, VY) or anti- 
unitary, i.e., (UG, UW) = (@, Y), which induces T ». 

(Proof see WIGNER’s book, Appendix Ch. XX, and V. BARGMANN: Ann. 
of Math., 59, 1 (1954)). 

Furthermore one can show that if @ lies in a fixed coherent subspace, then 
the corresponding 7'@ lies also in a single coherent subspace. (We note that 
two rays ®, Y belong to the same coherent subspace if there exists a physically 
realizable ray x which is not orthogonal to either of them. Since 7 preserves 
transition probabilities, |(®, x)? 4~0A|(Y, x)|? implies |(27, Tx)? AOF 
A|(LYV, Ty)\?: so TH and TY lie in the same coherent subspace if ® and YW 
lie in the same coherent subspace. : 

Let us now take for simplicity the case where the coherent subspaces are 


labeled by 1, 2,.... Then ZY splits into 
T11 (9) T,2(9) tae | 
NG) S24 0s (7) eel sag) we wie: | 


There will be one non vanishing entry in each row, which is unitary or anti- 
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unitary. By continuity of T(g)® at the identity, i.e, 7(0)—J, the non 
vanishing terms are on the diagonal and unitary for the connected component 
of the relativity group. In any case, the multiplication law is 


T (91) T (92) = 0(915 G2) T (91 92) , 


where w is of the form: 


Or(J15 92) 0 0 
0 (a2) 0 
Hoe entee 2915 G2) 
0 0 3(915 Yo) 


where ,(g) is a constant multiple of the identity. 
Finally, we investigate the continuity of the operators: 


THEOREM. — If 7, is continuous in the sense that |(®, 7,@) |? is continuous, 
then T(g) can be chosen as strongly continuous in a neighborhood of the 
identity. Every such choice arises from a continuous unitary representation 
up to a factor, of the connected component of the covering group of the rela- 
tivity group (V. BARGMANN: Ann. of Math., 59, 1 (1954) or E. P. WIGNER: 
Ann. of Math., 40, 149 (1939)). 

This leads us to study continuous unitary representations (up to a factor) 
of the connected components of the inhomogeneous unimodular group. 

We consider from now on a single coherent subspace in which we have 


(5) U(g1) U(g2) = (915 92) U(Gi 92) 5 


where |@(g:, g2)|=1. From a physical point of view a phase factor in the form 
exp [ix(g)]U(g) has no effect. Such.a phase factor will give rise in (5) to a 
new ow: 


Oy c= exp [ifa(g, 2) == alg.) — a(Gs)} |o(9r5 Jo) - 


The following Theorem shows that we can reduce wm to +1, or even get 
rid of it completely by passing to the covering group. 


THEOREM. — « By permissible phase changes any unitary representation up 
to a factor of the connected component of the inhomogeneous Lorentz group, 
continuous in a neighborhood of the identity, can be converted into a repre- 
sentation up to a factor +1; and any such representation arises from a 
continuous unitary representation of the covering group». (V. BARGMANN: 
Ann. of Math., 59, 1 (1954)). 

To emphasize the significance of this theorem let us recall, in the following 
exercise, the corresponding situation for the Galilean group. 
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Exercise. — Prove that for a single Schrédinger particle of mass m whose 
relativity group is the Galilean group {t, a, v, R} (r= time translation, 
a= space translation, v = transformation to a moving co-ordinate, R= ro- 
tation) the factor w(g,, 9.) = exp [i(m/h)(v,-R,a,-+4v{7) | appears and cannot be 
removed by permissible phase changes. Note that this fact provides us with 
a superselection rule on the mass for the Galilean group: superposition of two 
states with different mass gives a state whose existence in Nature would contra- 
dict Galileian invariance (Bargmann’s Superselection Rule). 


1. — Continuous unitary representations of the inhomogeneous unimodular group. 


11. Representations of the translation subgroup; U(a). — As an example 
consider first the representation of U(a) in the space L?. 


(6) (U(a)f) (w) = f(w—a), 
where 


[itera < Co STH 


All irreducible unitary representations of U(a) are one-dimensional (abelian 
group). Taking the Fourier transform of (6) 


(U(a)f) (k) = exp [ik-a]f(k) . 


Hence the representation reduces to a continuous sum labeled by & and we 
have: U(a).= fexp [ik-a|dk with the scalar product Jlf@) Pda =f \f(k) |2dk or: 


iD =[G Ded. 
Now in the general case, the Hilbert space is written as 
FH =| du(k)Ie(h) , 


where #€(k) is the Hilbert space, belonging to the point k, of arbitrary dimen- 
sion »(k), finite, infinite or zero. Then ®eF is equivalent to {®D(k)}, 
@(k) e #(k) for all k, and the scalar product is 


(, ¥) = | dyu() (D(k), V(R))y 


1618 


RELATIVISTIC INVARIANCE AND QUANTUM MECHANICS 87 


In this space we can construct the most general unitary representation of 
the translation group. 


THEOREM 1. — « Any continuous unitary representation of the translation 
group is unitary equivalent to a representation in the Hilbert space # = 
= / du(k) Aé(k) with the transformation law: 


(7) (U(a)®) (k) = exp [ik-a]D(k) . 


Two, representations are equivalent if and only if 1) u,=., 2) »,(k) =»,(k) 
for almost all k. If A is a bounded operator in #, commuting with a re- 
presentation of the above form, then A has the form: 


(A®)(k) = A(k)@(k) ». 


Remark. — 1) wy=p. means du,(k) = o(k)-du(k), o(k) > 0, 7.e., essentially, 
the correspondence between k-values and states in Hilbert space is the same 
in both cases, since measure du(k) here indicates at what sets in momentum 
space there are no states in the Hilbert space. 2) »,(k)=»,(k) means that 
there are the same number of states for each k in both cases. 


1°2. Homogeneous Lorentz subgroup U(0, A). — We shall split U(0, A) into 
two parts. We define an operator 7T(A) by 
/du( Ak) 
8 T(A)®)(k) = ©( Ak) |/ ——_— 
(8) (2(A)O) ke) = OA) |G 


Remark. — We shall drop the ./ factor in (8) in the following. We see 
that this is permissible as follows. 
From 


U(0, A)U(a, 1)U(0, A) eS U(Aa, 1) ’ 


we find that u(s)=u(As), where s is a set in k-space, and »(k)=»(Ak) a.e. 
This allows us to identify the Hilbert spaces belonging to k and Ak. Then 
we use a theorem which says that a measure which has the property (s) = 
= (As) (a so-called quasi invariant measure under A) is actually equivalent 
to an invariant measure. We get the invariant measures by the formula: 


b= ed(k) + | dostm dQ,,(%) + | dg-(m) AQq(K) + | dom) AQa( ; 
0 0 0 
(am ReiceeO) .(k* = 14,0 <= 0) (k? = — m?) 
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where dQ,,(k) and dQ,,,(k) are the invariant volumes on the hyperboloids 
k?= m? and k? =— m? respectively. 
Now 7(A) defined by (8) will satisfy by virtue of (7) and (8) 


(9) T(A)U(a, 1) = U(Aa, 1)T(A). 
We denote by Q(A) the remainder of U(0, A) after T(A) has acted, 1.e., 
(10) OA = 00,2 7A)". 
Then the multiplication law for U(0, A) gives 
(11) Q(Ay) T(Ay) O(Az) F(A) = Q(Ay As) P(A; Ad) « 
From (9) and (10) we also find: } 
(12) [Q(A) , U(a,1)] =0. 
Hence by the second part of Theorem 1 we can write 
(13) (Q(A)®)(k) = Q(k, A) D(k) . 


Applying now (11) to a state @ at the point k and using (13) we get the im- 
portant formula: 

(14) Q(k,A,)Q( Ark, A,) = O(k, A, A,) - 

The problem is reduced now to the analysis of Q(k, A), Eq. (14) is almost 
like a group product, but not quite. We note first that for A’s which leave 
k invariant, i.e., the little group L, belonging to k, the correspondence 
A-—-Q(k, A) is a representation of [,. We shall show that this representation 


determines the representation of the full group up to unitary equivalence. 
Two representations are unitary equivalent if 


(15) U.(a, A) =VU,(a, A)V', V unitary. 
The translation subgroup of U also satisfies 
Uglies Ve LY Se 


Then by Theorem 1 and the above Remark we may identify U,(a, 1) 
and U,(a,1), #,(k) and #,(k), and write: 


(V'D)(k) = V'(k) D(k) . 
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Eq. (15) is now 
Q2(A)T(A) = VQ,(A)T(A)V* 


or 
(16) Q.(k, A) = V(k)Qi(k, A)V(A~*k) . 

For the little group Eq. (16) indicates ordinary unitary equivalence. We 
can then discuss the consequences of unitary equivalence for Q@, and Q, as 


follows. We start from representations of L,, Q;(k, A), 7=1, 2, for a fixed k, 
and assume that they are unitary equivalent under V(k), i.e., 


Qs(k, A) = V(kyQ.(k, A)V(k)~* , V(k): Hy > Hy. 


Now eq. (16) must be valid for all k and A. We continue the definition of 
V(k) to other k-values by 


(17) V(A Tk) = Q:(k, A) V (hk) Qi(k, A) « 


However, since there is, in general, more than one 4 which takes k into some 
point A“*k we must show that we get the same V(k), i.e., 


VA hye Ah), ab ASR = AR 


To show this we note that A and A, can differ only by a transformation in 
I;,. We write Aj*=A*M, MeL,, and 


VU AE) 0 (bt) - V(k) OQ, (ky A,) - 
From eq. (14) we can write 


Q.(k, Ay)” tae O(A* k, A?) Q,(k, M), 
- Q,(k, A;) = 0),(k, M*)Q,(k, MA,). 


We insert these into (17) and get 


V(Ay*k) = Q2(k, A) *[Q.(k, M)V(k)Qi(k, M*)]Qi(k, A) = V(A *k) 
V(k) 
by virtue of (17). 
We must further show that the definition (17) of V(k) actually yields the 
relation 


Q»(q, A) = V(q)Q1(4; AV {A? q) rs 
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Let g= 2 *k, then 


I 


[Q2(k, X)*V(k)Qi(k, X)]Q(2* k, A)Qi(k, 2A) V(h)~* Qa(k, 2A)] 
= Qa(k, X)"V(k)Qi(k, 2A) Qi (k, XA)” BAS *Q2(k, XA) 

I 
“ag Q2(k, x)" Qa(k; XA) = 02a k, A) ° 


Q2(q, A) 


Thus we have solved the equivalence problem. Given a V(k) at one point 
on the orbit, which mediates the unitary equivalence of the representations of 
the little groups there, we can extend its definition to all points of the orbit so 
that the relations implied by equivalence are satisfied everywhere on the orbit. 

Now we pass to the actual construction of a set of Q(k, A) satisfying the 
fundamental relation (14) for a given arbitrary representation of the little 
group LD, of fixed k. We use (14) to define Q(k, A) for A not in LZ, and ar- 
bitrary %. In (14), é-e., 


Q(k, Ay As) = QO(k, A,)Q(Ay ‘hy Ad) 


we choose A,€ LZ, and A, in a set S such that if A, runs over D,, A, A, runs 
over the whole group. If we form cosets of L, then S consists of one element 
from each coset. In other words, A, runs over a parametrization of the cosets 
Opes Deg 

We choose Q(k, A,) arbitrarily for example as J, then (14) gives us a de- 
finition of @ for arbitrary q= Ak and arbitrary A,: 


(18) Q(A*k, As) = Qk, A)-2Q(k, AAs) 


Since there are different Lorentz transformations A and M which take 
points k’ and k” into the same point we must again show the consistency of 
the above construction by proving that Q(A~*k, A,)= Q(M*k, A,). Aand M 
can differ by an element of D,. It suffices to consider the case Me S. A can 
be written as A= RM, and MA, as R’M’', where R and R’e L, and M’eS. 
Then 

Q(k, A) = Q(k, R)Q(k, M) , 
and 
Q(k, AA.) = Q(k, RR’) Q(k, M’) . 
Hence 
Q(A*k, As) = Q(k, M)*Q(k, R)*Q(k, RR) Q(k, M’) , 


= Q(k, M)*Q(k, R')Q(k, M’) , 
= Q(k, M)*Q(k, MA,) = Q(M™ k, Ay) . 


The result of the whole analysis is the following theorem: 
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THEOREM. — « Every continuous unitary representation of the covering 
oroup of the connected component of the inhomogeneous Lorentz group is 
unitary equivalent to a representation of the form: 


U(a, A) ®(k) = exp [ika]Q(k,A) P(A *k) ’ 
where Q(k, A) is a family of unitary operators satisfying 


O(k, An) CA: k, Ay) =a O(k, ze A,) 


and has the form given in (18), and where the Hilbert: space in question 
Were ea | du(k) d€(k). Two such representations are unitary equivalent if and 
only if: a) 0,,= 015, 0,(4m) = e,(im); b) the representations of the little group 
are unitary equivalent for at least one (and therefore all) momentum vector 
on almost all orbits, for each family of continuous unitary representations of 
the little groups gives rise to a representation {a, A} — U(a, A)». 

Thus the representations of L, and a measure on the momentum space 
determine the irreducible representations of the inhomogeneous Lorentz group. 
We can classify these latter representations as follows: 


a) 0? >0: we need a measure concentrated on the hyperbola p? = m?. 
Take, for example, p= (m, 0, 0, 0) (rest system), then Lis isomorphic to R. 
The irreducible representations will be labeled by [m, j] of mass m and spin j 
with 7=0, 3, 1, 3,.. 


b) p?=0: mw is concentrated on the light cone p?=0. L, reduces to 
the two-dimensional Euclidian group. Physically interesting irreducible repre- 
sentations are labeled by 0,7, j7=0, +4, +1, +3,..... Here j indicates the 
component of the spin along the momentum. + sign is the helicity (*). 


¢) p=O0: either trivial identity representation (vacuum), or infinite di- 
mensional representation. See M. NAimArRK: Linear Representations of the Lo- 
rentz Group, in Uspehi Mat. Nauk, 9,19 (1954), Am. Math. Soc. Trans., Vol. 6. 


d) THEOREM. — « Let # be a Hilbert space describing a coherent subspace 
of states. Let {a, A} U(a, A) be a representation in # of the covering 
oroup of the connected component of the inhomogeneous Lorentz group de- 
scribing the transformation properties of the system. Then {a, A} — U(a, A) 
is of the following form: 


Vol fest v([m, j]) [m, | oe on isles j1) (9, i] ’ 


=0,4,1... 


(*) For the remaining representations see E. P. WiGNER: Zeits. f. Phys., 124, 656 
1947). 
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where »)=0 or 1, and »({m, j]), »((0, j]) are non-negative integer valued func- 


tions ». 


Remark. — The above formalism says nothing about the interaction processes. 
Ags long as there are no bound states such processes do not change the equi- 
valence classes {a, A} > U(a, A). Consider, for example, a Schrédinger par- 
ticle with and without a potential (no bound states). The two Hamiltonians are 
unitary equivalent although very different physically. To describe the physics 
of interaction one has to adjoin to H, or to U(a, A), other observables per- 
taining to the system. 


Example. — The world of all possible numbers of neutral mesons of mass py. 
The measure is concentrated as follows: 


Se p? (3p ? 
Continuum p?s( 2p)? 
Possible bound 
state a 2 2 
Vor) P =H 


1°3. Analysis of the inversions. - We have to consider three types of in- 
version: 


They will be assumed to carry a coherent subspace into itself. We have to 
consider the factors in the relation 


(19) U(91) U(G2) = ©(915 G2) U (91 92) 
which gives 


(20) ULL)? ara(L tL) : 


Jf U is unitary w(J, J) can always be chosen equal to one by permissible phase 
changes. However, if U is antiunitary any phasé change U > exp[if]U does. 
not change the sign of U2, since in this case 


(exp [if]U) (exp [if]U) = U?. 


— ————————— a 


Therefore, an anti-unitary transformation U makes a distinction between 
U?—-+1 and U*=—1 and gives rise to a superselection rule, called Type 
superselection rule: In a coherent subspace U2=-+ or — throughout. 
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We shall show that U(J,) and U(J,,) are anti-unitary. Consequently, we 
get the following four Types (* is the spin): 


Type (oy OE)? (— 180 (7)* 
I + + 
II + Fae | 
Ill => =" 
IV = = 


All known particles belong to Type I. 
Let 


(21) U(L)U(g) U(L) = x, g) Ug) , 
where y(J,g) is the proportionality constant, ge L,. 
Then 
U(1)U(g,)@(I, 1) (g2)U(L) = x(Z; 91) x; 92) U (Lg 2) U (L922) 


or 
o(Ig.l, gal) x(1, 91) x(I, 92) if U(L) is unitary 
(91 Ja) 
22 oll iA Sh 9) = 
(22) Ey D)x4, $192). o(Ig,I, Ig.1) x(1, 91) x(L, go) if U(Z) is anti-unitary . 
(Jas Gz) 


For the covering group the ratios in (22) reduce to one and we get 


41, 9192) = w(, 1) xd, 91) x, J2) 5 


1.€., w(1, I) x(I,g) is a one-dimensional representation of the covering group. 
However there are no one-dimensional representations of the covering group 
except the identity. Hence 


(23) “U1, 9) = of, 1). 


Let us look for the corresponding situation in the case of aGalilean group: 
the ratios in eq. (22) are 1 only if we take unitary space inversion and anti- 
unitary time inversion. Otherwise, it is impossible to satisfy the equation (22). 

For a Lorentz group we cannot draw any such conclusion unless we make 
the physical assumption, that the energy is bounded below. 


THEOREM. — «In a theory invariant under the connected component of the 
inhomogeneous L.G. in which the energy spectrum is bounded below, space 


1525 


94 A. S. WIGHTMAN 


inversion must be represented by a unitary, and time inversion by an anti-uni- 
tary operator ». 


Proof. — We start from 


U(D)U(a, 1)U(D)- = U (La, 1) 


and 
U(a, 1) = exp [iP,a*]. 
Then 
ODEO CL) earl if U(Z) unitary 
=U DP) SP if U(Z) anti-unitary 
or 


+ I°,(U(D®, P°U(1)®) = (®, P°®) 


which proves the Theorem. 
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Covariant Description of Polarization. 


L. MIcHEL 


University of Paris 


1. — Deseription of one particle states. 


We want to describe a particle of mass m, spin 7. For this we use the 
irreducible representation [m, 7] described by WIGHTMAN. The wave function 
xy(p) has 27+1 components. The Q(p, A) are 27+1 by 27-+1 unitary matrices, 
such that 

(U(a, A)x)(p) = exp [ipa] Q(p, A)x(A?p) , 


x(p) restricted to p?= m? span the representation space of [m,7] which is 


called the Hilbert space of the particle states. For a fixed p, 7(p) span the 
Hilbert space of the polarization states for the particle of energy momentum p. 


2. — Mixtures of states. 


If g is any vector € # one can construct the projection operator on the 
normalized. state |p> (<y|y> =1) 


Po=|pr<yl: Fly =|o><e ly? - 
Characteristic properties are: 


Poe, P*— Pp 


” 9g? P gp? 


Tr P, = ior = iT, 


Expectation value of observable A = <gy|A|y>= Tr AP,= Tr P,A; note that 
yp > exp [ialp: P, > £,. 
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Now consider an incoherent mixture of orthogonal states , each with 
probability c, (0<c,<1; >.¢,=1): 
The average value of an observable A over this mixture is: 


CAS: > On<Pn Al Gay ee DE ie A > ¢n.P,, = TrAg = Tred, 


where we define 
= Die, Pi Ite =D eae o* = 03 


o is called the density matrix of the mixture. 
Note that for a true mixture Tre”<1 for each integer n>0; 9"=0 
for a pure state. 


3. — Pure states and mixtures of polarization states. 


We consider particles of non-vanishing mass. In the rest system: 
p=(m, 0, 0,0) there are 2)-+1 independent states. Therefore, under a ro- 
tation 

0 > o' = DoD , 


where D® is the proper rotation matrix: 
SOL 
Oxp ae DD sae hy Og, ’ 


which means that the elements of @ transform like the components of tensors 
under D®@D®. Since D®~D®; D® @ DO~ Dey + Doi... + D©, which 
means that o can be written as a sum of irreducible tensors of ranks 0, ... 
up to 2). 

Since space inversion is known to commute with all rotations, by Schur’s 
lemma, it is represented by a multiple of the unit matrix (exp [iz]); thus DD 
is invariant under space reflection, therefore the irreducible tensors are even 
under space reflection (e.g. one has a scalar Tr 0, a pseudovector...). 

In order to describe a beam of particles one can normalize 9 to Tr@= 
the intensity of the beam instead of unity: the beam is composed of particles 
which have all been prepared in the same way, so that one may consider that 
all particles in the beam are described by the same density matrix, the ¢,’s 
being now the probabilities for finding particles in a given pure state. The — 
use of a density matrix allows for the description of a system, the knowledge — 
of which is incomplete. | 

Spin $: 

D® @® p® — D+ Do, 
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The polarization state is described in terms of a scalar and a pseudo- 


vector S: 
al ioe 
@=,5(1+S-s), Tra" <1: S<1. 


4. — Relativistic description of polarization. 


As we know how to transform 7 by any Lorentz transformation (see WIGHT- 
MAN’s lecture). (When A is in the little group A, isomorphic to the rotation 
group, for mass ~ zero, one has exactly the ordinary published accounts of 
«non relativistic theory ».) The transformation law for the density matrix is: 


o’(p) = Op, A)o(A* p)Q* (p, A) . 


Example. Scattering of two particles: let o\” 


0;(p,) @ of (p2) be the density 
matrix for uncorrelated initial particles: after the interaction the density 
matrix cannot in general be written as a tensor product of two density ma- 
trices, that is to say that, although the outgoing particles may not be indivi- 


dually polarized, there may be some correlation between their polarizations: 

a.e. may be Prob 4 = Prob oe Prob (t) == Prop (3) but Prob (! !) = 
oe ') 

Be Prob. y 2} 


5. — Particles of vanishing mass and finite spin. 


The little group is isomorphic to the 2-dimensional Euclidean group. First 
of all one shall not consider the translations of this group since we want a 
finite spin; the remaining of the little group is then isomorphic with the group 
of rotations about p and reflections through planes containing p, that is to 
say the space group of diatomic molecules: 


D;@D;~ D+ Di +D, 


which correspond, to the well known classification 2*, 2, A, @,... 

D, (scalar) corresponds to Tr g and describes the degree of polarization, 

D, (pseudoscalar) describes the circular polarization (helicity), 

@,, (two dimensional vector i.e. an azimuth angle) describes the direction 
of the transverse polarization n (n-p=0, n?=1). It can be written co- 
variantly p?=0=p-n, n?=—1; this n is defined modulo a component along 
p, i.e. n+ap~n. 
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6. — Representation by means of the Poincaré sphere. 


Poles P, represent pure circular polarization: = + 1. 

Equator # = transverse polarization. Any point of the sphere is of el- 
liptical polarization —1<0G=&<1, OM?=—n*. Pure state i.e. totally 
polarized €2—n?=1. Partially polarized state with degree of polarization 1: 
07 = a/f— nt <1, Center of the sphere = unpolarized 
light. 


Exercise. By AEA, (little group of p) the Poincaré 
sphere rotates around the axis of poles. 

This is quite different of the case m ~0 spin $ where 
there is also only 2 linearly independent polarization states, 
but where by A€A,, S can be transformed in any S’ of 
same length. 


7. — Infinitesimal approach. 


We shall now revert to the study. of infinitesimal generators of the Lie 
algebra: 
[P,, PJ =0, 
[Myvr Moo] = 19 pe Mrs— Gro McG ug Mov + Ira M0] » 
[P,, Mal = itty, P—4y,P ple 


The P’s and M’s are hermitian operators: aS we saw they generate the 
envelopping associative algebra. The mathematician looks for a maximal abe- 
lian subalgebra. 

The physicist has the same reflexes, but will call it a complete set of com- 
muting observables. 

We know already that P?= P,P" and W? =W,W* belong to this set 
(W, = te"°P M,,) since they belong to the center. One has 


LP, el = 0 ’ but Le Ww") a tenn We : 


Hence one can choose the four P, and W? and one We How to choose the 
last one « covariantly »? We shall now study a basis adapted to particle states 
of given energy momentum: 7.e. (P“== p“e R4, p? =: m?). To every such point 
p" of the spectrum of the P’’s there corresponds a Hilbert space of polari- — 
zation states. Consider now the restriction of the preceeding operators to this 
Hilbert space: 

eae sD. 


we 1 ptivea 
W# —> wt = te Lite 
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Consider an ortoghonal set of four-vectors: u®-u” = 9%: 
(If m ~0 choose p/m, n,, n,, n,; then n, are space like p). 
Phenlet S°—W'n™; thensW,=9,,8°n? = 8n,,,,- 


3 
When m#0, W*= > Sni, because W*p,= 0 


t=1 


3 
w= w'w,=— > ser, 


t=1 


write now {S*}= S. The commutator of W,’s yields 


which is to say that the little group is isomorphic to the three dimensional 
rotation group: hence 


W?2 = — S?=—j(j+1)m?. 


Take furthermore any nen: p= 0, then W-n has eigenvalues —j << m< + j 
Thus we can choose for the center: 


PP ses — Nn ae Wen. 


8. — Mass 0 case; p?= 0. 

The only difference from the previous case is that one cannot choose an 
orthogonal basis which includes p. We choose a time-like vector t and com- 
plete it with n,, n., xp—t to form an orthogonal basis U'’. Writing 
S®—W’U®, the condition P,W’*= 0 yields 

S+ S®% — 0 (write W,—= 8S” 0) . 


Furthermore 
wz = Sz — oy (S*)2 == = NG Pe 


The commutation rules for the S’s are found to be 
0 
[S®, SO] _— eG S2 3 


[S®, S®] — Sm ; 


[S®, So] = 0 ’ 
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which characterizes the Lie algebra of I,. This Lie algebra is isomorphic to 
that of the Euclidean two dimensional group: S®, S® stand for the trans- 
lation generators whereas S® stands for the rotation generator (rotations 
around p). 

Two cases must be distinguished: 


W2+0 which corresponds to the infinite spin case. 
We = 0: (8)? (S@)2= 0, 7.6) since (S@)* = 8%; SP2- SS== 0: 


The only generator left is S@=— S$, it defines an abelian group. 


9. — Conclusion. 


We have characterized the state of a particle of momentum p, mass m 
(j?=m?), spin j (W*W, =—m'*j(j+1)) by means of a polarization operator 
W-n, where » is a unit vector orthogonal to p. The eigenvalues of W-n are 
«magnetic » quantum numbers: —j7<m<-+ j. 

In the zero mass case, only two polarization states are available: m=-+) 
these states have opposite helicities. 


Examples. Spin 4. 

Consider n?=—1, n-p=0. 

The projection operators on states for W-n/m = -+ } are 1+((2W-n/m)/2). 
This is the density matrix of the pure state. More generally, we have seen 
for the density matrix . 


TED gine 1 area, 


- 5 wheré [o*, o'|= te:;,0°. 


Here 


Win? Wen 
Min» em 


ox 


as we have seen. 

Hence the most general density matrix, if we call ¥ p@ns, is (1+(2W-s/m))/2 
where the four-pseudovector s is such that s:-p=0, 0 <—s*?= } (¢')? = (degree — 
of polarization)? <1. 


. | 


10. — Spin }. 


The projection on the state polarized along n with polarization (—j <m <j) is 


J 
Cony [I (W-n—A) = P.;(W +n) ) 


A#xm Ja-j 


where Oe, = (—1)*™j —m)!(j+m)! 
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It is a polynomial of degree 27 in W-n. 
More generally we have seen that the elements of the density matrix can 
be linearly combined into, 


1 
Brit VPM LOI + yom Tsis +. 
with [J*, J7] = ie*J* and where the tensors gy’, g®, p* transform under the 
little group (isomorphic to 3-dimensional rotation group) as D,, D,,..., D.;- 


Hence the most general state of polarization will be porary Mearhbed 
by the density matrix, 


1 
Fee + 8,W’? + 8,,W*W" + 8,,.W* W" W’+...+8,.,W’...W%, 2f indices. 


where o,_, is a totally symmetric tensor such that p’s, ,=0, ands, “ are 
and other conditions on s, ,s**’ fixing the polarization degree. 


11. — Application to Dirac theory, mass+ 0. 


The Dirac amplitude u(p) satisfying the Dirac equation (p — m)u(p) = 0 
is transformed by inhomogeneous Lorentz transformations (a, AeL!) 


(U(a, A)(u(p) = exp [ipa] S(A)U(A“'p) , 


where S is a four dimensional representation of the homogeneous Lorentz 
group L'. The U(a, A) is a unitary operator in the Hilbert space of the wu (p) 
with the metric, 


3 da’ 
_hterwenlaa, = [lenny aa = [im)- Aivy-u(p Pree 


(The integration is over the hyperboloid p?=m?>0. The adjoint spinor 
u+=UA where the matrix A is defined by A*=A, det A=1. Ay"At=—y!"; 
then A‘y® is definite positive and is generally taken to be one.) 

The infinitesimal operator 1M, is obtained by derivation of (U(0, A)u)(p) 
at the identity, as shown in Section 4. We obtain 


1 i ) 0 
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where o”” = (1/2i)[y", y"]. The two terms correspond to the spin part and 
orbital momentum part, the last part does not give contribution to W’. 

We shall compute the restriction of W* on the (two dimensional) Hilbert 
space of polarization for energy momentum n 


Ap, 


Ww’ = peep. M,, =i tea, D, = by°o Pu 
(computation of W’W, yields w? =— 3 m? = —j(j+1) m? as expected). Now 
Wn, =W-n= 3y°0""'N,D, = 3ty°np. 

We check that (2W-n)/m = iy'n(p/m) has square 1 and $(1+7y,s(p/m)) pro- 
ject the solution u(p) of (p—m)u(p)=90 onto the u(p,s) Dirac amplitude 
for the state of energy momentum p and total polarization along s. Taking 
Avy", the projector 


ae 
|p? | 


- 
\p° | 


al 
P(p, 0) =7(1+ asf) (p+ m) sae Wh crntg Lak Acar ie 4k 


is hermitian, and projects any Dirac spinor onto the spinor w(p, s). Since it 
is a rank-one projector (Tr P=1), one has therefore 


Pia (Ps $s) = WU (Ps 5) Ug(Ds 8) = u(p, 8) U(p, 8) = P(p, 8). 


We have therefore explicitly constructed the density matrix of the pure 
polarization state p, s. For the general mixture 0 <—s? <1 is to be added 
to s‘p=0. 

We can choose for basis of states of polarization wu(p, es) with e=+1. 
Then any state vector is of the form > 7,(p)u(p, es). ( For a given p; more 


generally, there can be an integration over /p.) 

The 7,(p) are those already studied at the beginning of V. We can there- 
fore describe covariantly to our convenience the polarization states of spin 4 
either by a two by two density matrix 


Cen (P) = %e(P) Xy(P) 


or by the four by four density matrix P,,(p, 8). 

The formula containing all the correspondence is (BOUCHIAT and MICHEL: 
Nuclear Physics (Feb. 1958)), using the usual Pauli matrix representation 
with 1, diagonal, ((v,),, = elements of Pauli matrices) 
ae 


1 e ; 
u, (Pp, yn) Ug (P; en®) = a (1 a iys(> n(Ts)en) )(P +m) |p| : 
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Hence, any field theoretical computation of polarization effects can be made 
covariantly and reduces to trace computation, although it is however possible 
to describe the computation in terms of the 2 by 2, 0,, density matrices. 


12. — Case of m = 0. 


We do not explain here the limiting process given by MICHEL and WIGHT- 
MAN, but indicate only the result: 
iy 
[p|’ 


where &, s have already been defined. We recall that 


P(p, 8, €) = 7 At ils + 8)p 


0<8@—S'<1, P!=ps=0. 


13. — Application to the Bargmann- Wigner theory of particles of arbitrary spin. 
(BARGMANN-WIGNER: Proc. Nat. Ac. of Sci., 34, 211 (1948)). 


We obtain, according to BARGMANN and WIGNER, the theory of particles 
of spin j= 7/2 from the Dirac theory of spin } by the following « transport 
of structure ». 

Consider instead of the four dimensional Dirac spinor space €, the n-th 
tensorial symmetric product VE 4, that is the space of functions uw, , (p), com- 
pletely symmetrical in the «; (i.e. invariant by any permutation of the indices 
%..»%,), and satisfying the equations: 


a3 ee = Lg eee ee UW x,ncin(P) = (p” 7c m)u(p) = 0 ’ 


Oy-Kp, 


(Kk) 


where p™= iyi) p" and 


( bes plas 6 ( ) 
Yu Loser Kye Oy? Oy Oy Vu Np Xje °"* ~ On On 


that is, in tensorial notation 
yr =1@1®...@y,@-..@1 (m terms in the product), 
k-th place 
The uw, .,(p) are transformed by the inhomogeneous Lorentz group ac- 
cording to 
(T(a, Au), (0) = Y exp [Oip-a][ SM o.ceu heb Be- aA ™P) + 
Bi 
where @ S(A) = S(A) @...n times ... @ S(A). 


e 
> 
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(We leave to the reader the case of a, Ae€ fL\ as we did for the Dirac case.) 
This is a unitary representation of fe! in the Hilbert space of scalar pro- 
duct (here A=%, and Aty®=—1) 


— n a3 eo a3 
(w'(p), w(p)) = | |u (p)(@ ty) WP) | = | u(p)u(p)-—_~— = 
H mn F m 
a3 
= 3 a... 2) Ge 


a |p° ee 


In a fashion analogous to the Dirac case, we find for the infinitesimal 
operator 
aL al ) 0 
BUR, = i ps . ) 
L 25 On 4 (», Cp, Py | ¢) 


where 


aL 
(aly (I) (k) 
Ony are oy [y wd y al . 


Indeed the derivative of ©S at the origin is 


(S’(1) @1...@1) + (1@(8’(1))®...@1) +...4 (1@...@8'(1)) = YS. 
k 
Hence 
w?= 4 een SSO, — »S Ay gp : 
fe He 
k k 


We leave to the reader to form the projector P,;(W-n) already defined. 
Let us just conclude that the polarization states are covariantly described 
by the set of 27 tensors 


Pr pace Tee 


which are the expectation values of the products of 1 to 27, W, just computed. 
For pure states described by the amplitude wu(p) 


S,.5= U(p)W,... Wu(p) = Tr u(p) © U(p)W, ... W,. 


For the misture described by the density matrix NR ere a 


Se LER alee 
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Selected Problems in Renormalization Theory. 


G. KALLEN 


Nordisk Institut for Teoretisk Atomfysik - Copenhagen 


(Lecture notes by 8. Gastorow1cz) 


To bring out the similarity between quantum field theory and non-rela- 
tivistic quantum mechanics it is instructive to approach the former in the 
historical manner, namely by imposing a generalization of the canonical quan- 
tization rules on the classical field operators. We start with a brief discussion 
of the 


1. — Classical field theory and its quantization. 
As in classical mechanics it is convenient to start with a Lagrangian fune- 


tion Z which is written in the form of an integral over the Lagrangian density 
function 


(1) L = [ax L(x) (da = dx,dx,dx,d2%) 
For free scalar fields (*) 

’ a ane 

(2) L2(2) = — 3 (2 + ng’ 


and the Euler-Lagrange equation of motion is 


(3) (I— m?)o(7) = 0. 


(*) We shall use natural units = c= 1 and the metric a? = f*—ae. 
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Given the value of the function y(#) and its time derivative y(#) at all points 
at a given time, 


(4) 


the solution to the equation of motion is given by 


(5) (xe) = -| 3ap" |A(a — a's m)o(2’) se 5) es ; 

where 

(6) A(x; m) = — Hie dk exp[tka]e(k) 6(k?-+ m?*) ; e(k) = ua : 
Qn) [he | 


The function A(#; m) is a solution of Eq. (3) and has the properties that 


(7) A(x; m) = — A(—a@; m), 

(8) A(z, m) = 0, a WO 
ri) i 

(9) an, A(x; m| = <= .6(%)i3 


It can be computed explicitly, and is given by 


(10) asin ies _ é(@) 0(@?) + 


me(x) J,(ms/— #2) 
Fig. 1. — Plot of the func- An m»/— @ 
tion A(#,m) for a > 0. 


6(— a). 


To go over to the quantum field theory we use the 
Lagrangian to define the inomentum z(a#) canonically conjugate to ¢(x) 


(11) m2) = = — = (a) 


and in analogy with the procedure in non-relativistic quantum mechanics we 


(*) Such a condition is necessary to give invariant meaning to the symmetry con- 
dition (7). 


5 


Se i a > = - eee Ne SF ee Soe y >. +. = “s* a P = "ep ee ee ee 
o: we nf F 4 : ’ cy 7 


SELECTED PROBLEMS IN RENORMALIZATION THEORY 107 
impose the commutation rules 


| [x(x), p(a’)] =— i d(@ —@’) if «=« 


(12) 
| (x(a), a(e')] =[ 92), g(e')] = 0 if 2,=a 


This procedure of replacing the classical Poisson bracket by i times the com- 
mutator leads to the Hamiltonian form of the equations of motion, 


in(w) =[n(x), H], 


(13) i 
| *9(@) =[9(), H]. 


The Hamiltonian for the free field is 
A il: 
(14) =| 022 FC (x) = [are [zp —L] = fe [7? + (Vp)? + mq?]. 


To understand the meaning of the field operator g(a r) it is useful to expand 
it in a Fourier series: 


. ) exp [tka] + +(k) exp[— tka] 


1 
(15 
a me a/V ~ ae wim = 


Here w=VE +-m? and V is the volume of the box in which the system is 
placed. At a later time we shall let this volume go to infinity, so that the 
sum over discrete momenta goes over into an integral according to the pre- 
scription 


1 1 
16 = —— | d*k. 
(16) V 2 a oar | - 
A short calculation shows that the canonical commutation rules imply that 


[a(k), a(B')] = digg 
| [a(h), me =[at(h), at(K')]= 0. 


a 


(17) 


Furtmermore one finds that 


(18) H = > w(at(k)a(k)+ 4) = > H,. 
k 


k 


The free field thus corresponds to a sum of harmonic oscillators. We know 


1539 


108 G. KALLEN 


that there is a ground state |0> with the property that 


(19) a(k)|0>.= 0 
Further 

(20) at(k)|0> =|k> 
such that 

(21) H,|k> = 30|k>. 
It at first appears troublesome that 


(22) H,,|0> = 4m |0> 


as this would imply an infinite energy for the vacuum. It is clear however 
that only energy differences are observable, and the problem of infinite vacuum 
energy is disposed of by redefining the Hamiltonian to be 


(23) H'= > H, = > war(k) alk) 


This is the first example of a renormalization, less trivial examples of which 
will appear later. 

For free fields the commutators at arbitrary times may be evaluated by 
direct calculation (* Y. They are summarized by 


(24) Lp(a), p(y)] = tA(~—y; m). 
It is only in the case of free fields that this commutator is a c-number. Such 
is not the case for the anticommutator {y(x), p(y)}. However the vacuum 


expectation value of this quantity is of course a c-number and since it will 
be of interest in specific calculations we write it down: 


(25) <O|{p(x), p(a')}|0> = AM(a’—a; m) — 


= | dk exp [ik(u'—a)] d(K?-+ m?) . 
(Oxy 


(*) Or by using 


; 0 0 
p(x) = —| dy A(a—y; m) ad yy) +— 
Yo 


5 A(a—y; 0) 
i) 


Yy=t 


and the equal time commutators. 
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An explicit form for A™(a#; m) is 


m? Nym(+/— x2 
(26) A(x; m) mie mts ) ; 
Note that A(x; m) does not vanish outside the light-cone, and is more sin- 
gular than A(x; m) for x?=0. 
For future use we write down 
the corresponding results for the 
free electromagnetic field and for -x? 


the free spinor field. Or 
Electromagnetic field: 


(27) OA (a) : Fig. 2. — Plot of the function A™(a%; m) 
{§ 2) = 
ub b] 


(28) [A,(x), A,(x')] = 16,,A(@— a’; 0) = 16,, D(vw—az’) , 
(29) <0|{4, (a), A,(x')}|0> = 6,, AO (w#— a"; 0) = 0,,D(~—a’') (*). 


Spinor field: 


(30) (eae + m) ys = 0, {Yar Wi = 20u0 » 

(31) {P(@), Yola')} = — 1S,,(a'— a; m) , 

(32) <0 (Lp(a), pla’)]|0> = 8” (w’—a; m), 

where 

(33) S(e; m) = (> = —m| A(a;m), etc. and p=y*y,. 


> 


It is still necessary to give a physical meaning to the quantized fields. 
These differ from the classical fields only in their non-commutativity, which 
however has a physical interpretation. As in non-relativistic quantum me- 
chanics an operator relation of the type 


(34) GASB pee (a e-number) 


implies that the quantities A, B cannot be simultaneously specified with an 


(") In the case of this field, because of the freedom corresponding to gauge trans- 
formations the derivation of these relations is not completely straightforward. However 
if one works with the Gupta-Bleuler gauge (indefinite metric) these results are obtained. 
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accuracy greater than expressed by 
(35) AA:-AB pe, 


where AA and AB are the uncertainties in the measured values of A and B- 
The application of this result to quantum field theory meets with difficulties. 
An examination of eq. (24) shows for instance that although in many cases 
the usual interpretation is in accordance with what one would expect on phy- 
sical grounds, the situation when the fields are taken at the same space-time 
point or at points separated by light-like distances is so singular as to require 
a revision of this interpretation of the commutation relations. This difficulty 
was discussed by Bonr and ROSENFELD in their paper on the measura- 
bility of the electromagnetic field. They pointed out that the field at a point 
is an idealization not susceptible of measurement because of the finite size 
of the classical measuring apparatus and the finite times necessary to deter- 
mine forces through their effect on the velocities of macroscopic test bodies. — 
Thus only averages of field quantities over finite space-time regions are to be 
considered as measurable, and only the commutation relations in the form 


(36) ER), RY] = sap | de do's A(r— 2 my), 
where soos 

= 1 
(37) J p(k) = R da p(x) , 


R 


should be interpreted in accordance with the uncertainty principle. The ana- 
lysis of eq. (36) by Bohr and Rosenfeld (carried out for the electromagnetic 
field) established that only when the regions R and R’ were time-like (or light- 
like) with respect to each other could the measurements interfere; in the case 
of space like separations, where no signal can connect the two regions, the fields 
could be measured simultaneously. The result of this examination was to 
show that the formalism of quantum electrodynamics was in complete accor- 
dance with the physical principles of the special theory of relativity and the 
quantum theory for the test bodies. A similar analysis for fields other than 
the electromagnetic field can, of course, formally be carried through, but it 
makes very little sense as there are no macroscopic « test bodies » with « me- 
sonic charge » available in nature. Nevertheless the same mathematical for- 
malism which is used in quantum electrodynamics is copied with only minor 
modifications in meson theory. The implicit assumption that quantities like 
(1/J) i dx (a) are measurable is a perhaps completely unjustified extrapolation — 


R 
from quantum electrodynamics. 


. 
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9. — A sealar field in interaction with a c-number source. 


As a preliminary to the treatment of two interacting fields, it is very 
useful to consider the problem of a field generated by a classical distribution. 
Still keeping to the scalar field for simplicity, we have the equation of motion 


(38) (1 — m*) p(w) = — j(a) . 

The solution is 

(39) ple) = g(a) + | da! A(a—a'; m)j(a') 

A,(@; m) is the « Green’s function » for the problem, which satisfies the equation 
(40) (O — m?) A,(a; m) = — d(a) . 

A representation of A,(#; m) is 


2 I ai exp [ipa] 
ig! aaa Lim ase | OP Be (ay + te)t me’ 


where the choice of path of integration is such as to make A,(x; m) vanish 
for 7%<0. Actually 


{ A,(a, m) = — A(a, m) Ly > 0 
(42) 
i () 0 = 0 


and this feature means that the integration in eq. (39) is over the past 
light-cone. 

The operator g(x) is a free field operator obeying the homogeneous equa- 
tion and the free field commutation relations. As 2, —— oo the light-cone, 
crudely speaking, recedes into the distant past, and thus 


(43) p(x) > p*(a) . 
(This is the reason for the «in» superscript). The integral on the r.h,s. of 
eq. (39) is only well-defined if j(x’) +0 as x, —+—oo. To show that the 


solution (39) is all that is necessary, we must prove that (x) diagonalizes 
the Hamiltonian H for this problem, 


: : 
(44) H(y) = Hip) + Kile) = 5 [arofxt(x)+(Vol@))*+ mq?(x)] — are P(x) j(@) - 
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If we substitute the solution (39) into the Hamiltonian, we find after a short 
calculation that 


(45) H=H(p*)+ B+ 


Oia! Ogi2(a’ 0 : 
+ fare] 3g! a [aale—a m) Hee ia A,(%&— 2’; mene] , 
0 0 


where £ is a c-number. The first two terms have eigenstates generated by the 
application of free field creation operators (in-operators) to the vacuum. These 
states do not however form eigenstates of the total Hamiltonian because the 
term linear in g(#) causes transitions between states having different occu- 
pation numbers of incoming particles. This is not unexpected because with 
a time-dependent source the energy is not a constant of the motion. If the 
source is time independent the term linear in g(a) is seen to vanish and, 
the |in> states are eigenstates of the total Hamiltonian. With a time in- 
dependent source, the integral in the solution (39) is not well defined, and a 
limiting procedure is necessary to give it meaning. A way of doing this is 
to define a solution 


lor, ©) = pa) + | do’ Ag(w—ar; m) (a) exp[— | 04], 


with « a small positive parameter, which is allowed to go to zero at the end 
of the calculation. This method of «adiabatic switching off of the inter- 
action » has been shown to give a well defined limit in problems with a finite 
number of degrees ‘of freedom as well as in perturbation calculations to 
all orders. In the problem under consideration it gives a well defined limit. 
It should be noted that because of the time dependence of the source the 
energy changes adiabatically from #,——oo to the present. 
In our problem 
( Ho(y") |iny = EY |in) 


(46) . 
H (gy) |in> = (E+ #)|in> 


so that the |in> states remain eigenstates of the Hamiltonian but the energy 
changes by what is essentially the self energy of the source. 

It is important to notice the difference between the |in> states which obey 
(47) H,(g") |in> = B® |in) 


and the « bare particle » states (or Tamm-Dancoff states) which are defined by 


(48) H,(y)| D> = E,| TD) . 
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In our problem we may explicitly expand the |in> states in terms of TD states. 
We find that for example 


(49) |0, iny = ¥ C,|n; TD> = eT] >( 


q 


ope) Salm xt ED, 


where |n xq; TD» represents an n-fold occupied TD state and j(q%) is the 
Fourier transform of the current. The normalization coefficient is 


(50) |e]? = exp 


As the source size approaches zero, 1.¢. j(¢) — const: 
(51) le?>0, 


which means that the probability of finding a bare particle state in a given 
physical state approaches zero. The Tamm-Dancoff approximation in which 
physical states are approximated by only a few terms in an expansion of the 
type (49) may thus be expected to give unreliable results whenever the source 
size is small. 

It may be noted that in the point source limit the expansion (49) becomes 
more or less meaningless. This phenomenon was first pointed out by VAN 
Hove. We want to point out that the non-existence of this expansion 
does not seem to have any bearing on the physical consistency of the model. 
All reasonable. questions can be answered in terms of the physical states, 
without any reference to the TD states. 

As an illustration of some of the things mentioned earlier, also because 
of the appearance of some interesting new features it is instructive to work 
out a special example in perturbation theory, and to stay as close as possible 
to physics we shall choose an example from quantum electrodynamics. 


3. — Calculation of vacuum polarization by an external field. 
The equations of quantum electrodynamics are 
é Mg bag ( 
Yur, Oa, -+ ™m y(x )= ae tey,(A,(2) 50 ys ()) p(x) = = f(x), 


OA, (e) = — = [Pl@), my (0)] = —j,(@) 
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and their formal solutions are 


(a) eel | Si — 9) Handa", 


A, (a ) = Ala ) + [Dal (x eee "Viale x’) dat’ ’ 


where 


0 ; : 
(ve at + m| ap! (6) es Of p(x’), y'n(a) } = —iS(x'— x) ete. 
be 


The only way we have of treating such coupled equations is by an expansion 
in powers of e (and the external field Am (@)). Thus 


(54) p(x) = p(x) -| (a — a’) [iey, An(a’) + tey, Ar (x')]p™ (x) da’ + .. 
The current operator j,(x) is given by 


(55) jue) =F La), re wo + 5 ef da" {CP™ (0), 1p Sele — yy] + 


+L pn(a) % Sala’— a), yup'(@) (Ara) + AS (@’)) - 


In particular 


(56) <0 4,(@)|0» = © Al da! {Sp [74 Sela — 2')y, 800! — a] + 

+ Sply, S,(a’— a) y,8O(a — x')]} Aa’) 
Due to the presence of the external field the vacuum expectation of the current 
does not vanish. Physically, because of the possibility of pair creation the 
vacuum behaves like a polarizable medium, and the application of an external 


field gives rise to a polarization current which we wish to calculate. 
We rewrite (56) in the form 


(57) £0 |juler) |0> = | dar! K(x — 0") AS). 


In all such calculations it is usually convenient to go into momentum space. 
Using 


: fim Sa 3 
(58) K,,(@ — 2#') = com dp exp [ip(w — x’) K,,(p) 
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and 


59) SM(x) = 


1 
exp [tP exp [ipx](iyp — m) 6(p?+ m2), 


1 ; j 1 (472 1 2 
60) Saale) = ges; [An exp linelizy—m |p pee en C0" + me) 


where P denotes the principal value, one finds 
1 1 La A I Wt .: / af " 
(61) wp) => oa dp’ dp" 6(p —p'+ p") Sp[ y,.(iyp'— m) yliyp"— m)]- 


{5 eat ~ ma t e(p') O(p® + m?)| d(p"™ + m?*) + 


alt 
I P pt m2 


ice(p") d(p’? + m | O(p’? + m) ‘ 


The Lorentz covariant quantity K,,(p) must be expressed in terms of p, the 


py 
only vector available, and clearly K(p) has the form 


py 


(62) K ,(P) = P,P, A(P) + 9, p? B(p) 

Since <0|j,(z)|0> is a gauge invariant quantity; we must have 
(63) fou Kage — oo ay 

Le. 

(64) p, K,,(p) = 0 

so that . 

(65) A(p) =— B(p) 

and 

(66) E(B) = (P,, Py — 9 ypP*) F(p) « 


The problem thus reduces to the computation of G(p). From (61) it is clear that 


G(p) =— 


and 


3p? Kuu(P) ’ 


(67) 
Im @(p) = — Im @(— p) 


Re G(p) = + Re G(— p) 


1547 


116 G. KALLEN 
and we therefore write on grounds of invariance 


(68) Im @(p) = ze(p) [1 (p?) , 
(69) Re G(p) = [1(p?) . 


We note that to give an invariant meaning to (68), we should expect 
IT(p?) = 0 for p?>0. This will actually turn out to be the case. To simplify 
calculations we remark that on grounds of causality the kernel K,,(7 — 2’) 
should vanish for (@—, )<0. This is also evident from (56) since 8. (xz— zx") 
and S,(#’—«) both contain retardation factors 0(a, — m,). Because of this, 
however, the real and imaginary parts of G(p) are connected by a Hilbert 
transform, and actually 


- ae 1 ta e(po) I(p"— pr’) 
70 IT(p?) =—P j : 
(70) (Dt) ie | Po ple 


-—o 


This relation may be transformed into 


, Pera he tie at 
(71) Tip) = Pf aa 


Such an expression presupposes the convergence of the integral, and this 
question will arise later. For the time being (71) is to be regarded as a formal 
expression only. 

Thus the result of our calculation is that 


(72) <O|d,(@ ) Oo aaa cays | dP exPL DK Oped ) (IL (p?) +ize(p)IT(p2)) AS*(p) = 


1 
2mn)4 
1 : = é 
ene | dp exp [ipa] (IT(p?) + ime(p)I1(p?)) Je"(p) « 


In order to compare the results of the calculation with experiment we must 
give some thought to what can actually be measured, and it is clear in the 
present instance that the observed current is a sum of the induced and the 
applied currents 


TP (a) = I%(w) + <0| J,(e) |0> 


and we must make a convention to decide how the applied current is to be 
defined: We define it by stating that an external field constant in space and 
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time induces no current. This corresponds to writing 
1 . TT TT, = ex 
(73) J (@) = aa | exp [ipa] (1+ I1(0) —II(p?) — iove(p) IT (p®) )IT(P) , 


which exhibits the property that the induced current vanishes in the long 
wave-length limit, or that the dielectric constant of the vacuum 


= 


(74) e(p) = 1+ 11(0) — Ip?) — ine(p) Hp?) 


becomes unity in that limit. 
The evaluation of Im @(p) is straightforward, and the result is 


2 9m2\1/ 4m? 
(75) aio ae (1 my 4 A ope amey, 


~ 1272 


The function //(p?) is seen to va- —p2) 
nish not only for — p? < 0 as was ex- 
pected on grounds of invariance but 
also for —p?<4m?. When — p?>4m?, 
IT(p?) is no longer zero, which means 
that the dielectric constant has an am? 
imaginary part. Tt is wellknownthat Fig. 3. — Plot of IT(p?) as a function of — p?. 
this represents a possibility of energy 
absorption, and here it means that the vacuum can take energy from the 
source. It does so by the process of pair creation, and the threshold for such 
a process appears in the factor 6(— p?—4m?). Since //(— a) approaches a 
constant as a — co the function //(p?) as defined by (71) is infinite. This fact 
however turns out to be quite irrelevant because an examination of the 
physics of the problem showed us that only 


(76) IT(p?) — 11(0) =— p? | da 


is observable, and this quantity is 
seen to be finite. 
The real part of the dielectric 
constant represents vacuum fluctua- 
oa 3 tions brought about by the creation 
and subsequent annihilation of vir- 
Fig. 4. — Plot of the function J7(p?) —77(0). tual pairs, for example. 
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The effects calculated above have actually been observed. The effects 
represented by J/(p?) appear in the 0 — 0 transition in %O which proceeds 
by pair emission. The vacuum fluctuations I1(p?) — I1(0) contribute — 27 Me 
to the Lamb Shift, and are clearly present. 

One can carry out calculations to any order in perturbation theory using 
methods similar to those used above. In manipulating singular functions one 
must however be very careful always to deal with well defined quantities. 
As an illustration of a pitfall sometimes encountered in this field, let us cal- 
culate the matrix element <0|A,(”)|k> where |k> represents a state of a 
single incoming photon. From (53) 


(77) <0|A,(x)|%> = <O| Ap (a) | ky + | dar’ D(a — 2')<0 | j,(2") | k> 
and 

(78) <O|J (x) |b> = K,,(k)<0| AM(a) |k> , 

where 

(79) K(k) = (k,,k,— 6,,,%?) ({1(k?) — I1(0) + ioe (k) IT(K?)) « 


For the physical photon k?=0 so that 


(80) { 


and therefore 


(81) <0| J(x) be == 0 
so that 
(82) <0|A,(2) |k> = <O| Ala) |B . 


A glance at eq. (77) shows however that the matrix element <0| J,(a’)|k> 
which vanishes as k2?->+0 is multiplied by the singular function D,(# — 2’) 
whose Fourier transform behaves like 1/k?. If one makes all integrals well 
defined by introducing an «adiabatic switching off the charge» by writing 


(83) eA™(a) > e exp[—a|a,|]A™(a’) 


then as k? > 0 
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Thus 


(84) K,,(k) = (kk, + 2iacky6,,,)(— tak, I1'(0)) . 


oe 
After some simple calculations one finds that the correct result is 


I'(0) 


(85) <0|A,(x) |k> = (20+ hy k, #10) <0|A2(a) [kD 


The quantity //'(0) turns out to be (1/137)(1/30z). 
The possibility of such a mistake is a warning to be very. careful in re 
placing quantities like 


o 


[OD (@ — «Ay 2(0") dar’ , 
by others like 


| “(a — 2’) DAR(a') dx’ . 


These differ only in surface terms, 7.e. by terms which depend on the 
asymptotic behavior of the field quantities, and great care must therefore be 
exercised in specifying such asymptotic conditions for the operators. 


4. — The Lee model. 


In order to obtain a clearer insight into the treatment of current field theory, 
and in particular the problem connected with renormalization, it is constructive 
to study a particularly simple model in which many calculations can be done 
exactly and the meaning of renormalization can be clearly stated. 

In this model there are three particles, 8, N, V, which can be transmuted 
into each other thus 


(86) VonN+8, 
but not thus 
(87) NoV+ob. 


The Hamiltonian corresponding to such a system is 


re = H,+H,, 


Hy, = my > ps(P)yv(P)+ mx Y px(P) Yx(P) + 2 o(i) syat(k)a(k) , 
(88) 7 Dp 
s Jo | Hii Sat ; roe ») | 

| A, wee VVsxs erie dies (p )a(k) J? OY “7 Ti, °@; ‘| . 
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Here f(@) is a cut-off fuction, w= V+ kb 


[a(k), at(k')] = On 5 
(89) See = 8p 
| {Yy(P), Yv(P')} = (Y'x(P), Yx(P')} = Ons 5 ete. 


Because of the stringent selection rule (87) there are two additional con- 
stants of the motion in the theory, and these make the problem soluble in a 
simple form. We shall work with 7D states because of the simplicity of the 
problem, and define the general 7D state by |n,, Ny, n;> the labels referring 
to the number of V, N and 0 particles present. The momentum label is only 
on the 0 particle because the others are assemed to be fixed in space. 

Let us now look at some simple physical states: it is easy to see that 


[O> 7 1110;50,0>>, 
(90) [OOP 00555 
ND }0, 1, 0» ; 


(91) |V> = W|I, 0, 0 + Y O(h) (0, 1, 1}. 
ie 
The last state, because of the selection rule has been expressed as a super- 


position of a bare V particle and a superposition of N-+0 only. The quantity 
N is a normalization constant. Substituting (91) into 


(92) H|V)> = Ey|V> 


we obtain 


= Jo a 
93 O(k) = —=— f(a - 
ed (%) V/20V Ho) My + wo — Ey 


We shall assume that the physical V particle is stable so that 
Be Me 


The energy of the physical V particle KH, is a solution of the eigenvalue 
equation 


(94) F(E, —m,) = m,— EF, , 
where 
2 J 
(95) Fey = raf LIS 
O—é 


i 
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and 
(96) Yo = gi/4n 
Furthermore 
lod is U 
(97) we it Py —m). 


The next simple state we can solve for exactly is |N-+9>. Writing 


(98) IN-+6> =|0, 1, 1p + Dal R’)|0, 1, 1-> + B(R)|1, 0,0> , 
we find that 

in, out/( J» 
(99) qin, out (J, k') = — Jo_ f(a’) B (k) 


Jo CE a 
/2mV My — Myx — © — F(w + te) 


(100) pe (ih) == 


From this we may calculate the S-matrix for N-+0 scattering 


es (60) V 


POR eee |S | NOS = CN'0, ce] NU, > = Ose ge — f(w)B(k) 6(@ — w’) . 


Since everything is spherically symmetric in (101) we have only S-wave 
scattering, and the phase shift is given by 


(102) tg 6 =— tT(o)/z(@) . 


Io) = 2ayf?(m)k (essentially determined by Im F(w + ie)) 


Kk 
(103) aa My — 7aP | de eee. 


( op’ — 
be 


(essentially determined by Re F( + ie)) . 


If we now take the model seriously and wish to put it in a form to be 
compared with experiment, we must look at the physical significance of the 
parameters of the theory, uw, my, my, yo. For simplicity we assume that the 
cut-off function f(m) is given. The parameters uw and my are physically meas- 
urable, because the bare and physical N and @ particles are identical. This 

is not true of m, and we should really express this parameter in terms of 
the physically measurable energy of the physical V particle 2,. When this 
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is done using (94), we find for the scattering phase shift 


(104) tgd = mnie 
1 k' f?(@') da! 
(Hy — my — w) (- bP | w)(w'— By + =) 
Ue 


Note here that this re-expression of the phase shift in terms of the physical 
quantity H#, has incidentally led to an extra denominator in. the integral oc- 
curring in tg 6. To measure the remaining parameter y, we do a hypotetical 
experiment, and determine, say, the scattering length a, 


_ (tg 0(k) 
=( k Nee 


We then express y, in terms of that quantity and find that 


2 BK 
(105) 1 ete af?(@) a k’ f2(@' ee 
Yo a( Ey — my — po (co'— ")(w'— Ey + my) 
and 
te 0 Nie 
106) > == nap: Vig ee 
(106) k maf? (@) ae as 
k' uf (’) dw’ 


ZEN Be ON ale ee a (co'— p) (w'’— w)(w'— Ey + my) 


Note that the integral in the denominator is convergent even in the point 
source limit f(@) — 1. 

Usually the calculations are not expressed in terms of the results of an ex- 
periment, but rather in terms of a «renormalized coupling constant » which is 
defined by demanding that the scattering length be exactly equal to the lowest 
order perturbation result of the theory in terms of the renormalized coupling 
constant. This amounts to saying that 


iz tg o(k) P (pu) f2(u) 
10 A ey Se 
( () | k | a 0 My + rn Es O(y?) <— Y ge 7 a Het 
so that 
(108) amy — Pe 
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We then get 


tgd ya fP(m) hy 1 


(109 a 
( ) k (0) ok Ti — Hy 


k’ f?(w') da’ 
sf — ph)yP ———— — 
Gata | est aya Ey + mx)(w'— @) 
“ 

The convention of using a threshold measurement to define this coupling 
constant is quite arbitrary. It is sometimes mathematically convenient to 
define the coupling constant in terms of the scattering at the unphysical energy 
@=0, @.e. in terms of a result extrapolated from the physical region. 

It is to be noted that the relation between y and y, 

(110) y= = ee —, 
k' f?(o') 
if OY ee cane Saeer Cre eet Soe ee 
+ raf o (@'— w)(w' — By + my) 


ih 


shows that y is not a completely adjustable parameter. As (110) shows this 
is not the case, and in the point source limit f(m)=1, y= 0 unless y) < 0, in 
which case however g, is imaginary the Hamil- 
tonian is no longer hermitean, and many 
strange features may be expected. Ver ik 

It is aremarkable fact that after performing 
the «mass renormalization » and the « coupling 
constant renormalization » the physically mea- 
surable quantities turn out to be finite in this 
theory, and incidentally also in perturbation 
expansions in quantum electrodynamics. We 
must stress however that in all conventional 
theories in which the masses and coupling strengths are experimentally de- 
termined numbers, this renormalization procedure, in which all theoretical 
parameters are expressed in terms of the experimental numbers, is an es- 
sential part of the theory, without which contact with experiments cannot 
be made. 

With H,=m, for simplicity 


Yo 
Fig. 5. — Plot of y vs. yo. 


@o 


k f?(@) da — 
(114) 7 = 74/1 = raf me ; ; 9 = HV ylyo 
lb 
and comparison with earliest results shows that 


ao 


+ $2 ' 
(112) ae eas —y{* Ph ges 


Vo w? 


Bu 
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In terms of the renormalized g, 


glo’) B-() 


(113) a(k, k’) ae /30'V (= Oe 
and 
iy ie a eat gf() 1 
(114) Bilt) = NB) = a ey 
where 
fo Feftla)de 
(115) Ne) = (1 y#| cea) 5 


B 


Let us now look at some matrix elements. Clearly 


(116) <0 [yy |N> =1, 
also 
(117) (0; yx |N, = O55) air alk, kK’) : 


In general all matrix elements involving only N and 0 particles are finite 
in the point source limit. However 


(118) | Olpy|V> =N 
and 
(119) <0 py N, 0> = NBY(K) : 


If we define 


; 1 

(120) ve = Pr 
then 
(121) O|yy|V> = 1 
and | 

; 1 . 
(122) 20s NOs ae 

Lesa V2 V bo + ie) 


This redefinition of the operator y, (we shall hereafter drop the prime and 
always understand 1/N times the original operator) is usually (and slightly 
confusingly) called « wave funefion renormalization ». 
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In this model only the V particle operator required renormalization. In 
general all fields have to be renormalized. 

It is of interest to examine the high energy behavior of the matrix elements. 
With a reasonably smooth cut-off function 


ao ao 


(123) Lim h(w + ie) = o f »f a ay o f foe do!] = ow". 
bu 


w—>o wo”(1 — a'/@) 7) 
“ 


Now we notice that the Born approximation of <O\p,|N, 0> is 


gf(m) 1 
124 0 |pe-4- 05 =— = 
so that 
: it ; 
(125) Lim <0 |py|N, 8> = ai <0 |pye|N, O>. 


Thus the high energy limit of the matrix element reduces to lowest order 
perturbation theory. Intuitively we may interpret this result by the state- 
ment that at very high energies there is very little interaction, that the col- 
liding particles penetrate the virtual clouds surrounding the particles, and 
that therefore the result of the interaction appears only in its lowest order 
perturbation form. The unaccounted for factor N? acts to change g into 
g/N=g and y, to py” = Ny,, so that the result of our calculation is that at 
high energies the matrix elements are given by the Born approximation for 
the unrenormalized theory. This result is exact in the Lee model. It has been 
shown to be true for a particular matrix element in quantum electrodynamics, 
and its physical reasonableness may make one hope that it is generally true. 

On quite general grounds one may expect the result that 0< N? <1. To 
see this we consider the anticommutation relation (89) for the renormalized p,: 
Then 


1 “ ‘ Ser 
(126) aa = <0 | {yF(D), pr(D)}|0> Beenie Pr 07 + <0 |py|2><2 [py |0>}. 


The first term vanishes. In the second term there are contributions from 
bare V states and from the |N0@» scattering states. Thus 


2 
’ 


1 = 
(127) re =1+ >| (é) 
which leads to the result. In (112) we had 


(128) WN? aac er, V/Yerie 9 
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so that in the case when the coupling constant is below its permissible max- 
imum nothing unexpected occurs. If one lets y become too large, patho- 
logical features appear in the theory, and one may ask wheter these are com- 
mon to all field theories. . 

An examination of this question shows that when all fields are renormalized 
there is no conclusive reason why such troubles should occur. 


5. — Remarks on quantum electrodynamics. 
Just as in the Lee model, the unrenormalized fields A’ (#) and y"*"(#) and 


the charge, or coupling constant e, are renormalized by multiplicative factors, 
and the renormalized equations of motion are 


(129) (7, Es + m}y(o) = tey, A, (x) p(x) + dmy(x) 
\ ee 
and 
: spas 02 
(130) A,,(2) a =— [p(x )> Yup (a) | + L LIA,,(x) x oR . 


In the first equation a mass-renormalization counter term was explicitly 
added. This was done to make the task of expressing the bare mass in terms 
of the physically measurable mass easier in practice, and m therefore is the 
physical mass. In the second equation the last term on the r.h.s. is a gauge 
term which again makes some of the technical manipulations easier to carry 
out. The renormalization constants Z, N and dm, where 


as SS Svengali ons Sa AY); yl) = Fy"), 


can be expressed in terms of matrix elements of the operators. 
Thus for example, as was first shown by UMEZAWA and KAMEFUCHI 


1 IT(— a) 
2 Dee: ‘ = 
(132) ery 1 = |} da = 1+ J/(0), 
where 
enn ah oie 
(133) Tp?) = — 5D <0 lfule><#l4u10> . 


The function //(p?) enters into the vacuum polarization. We dealt with 
it earlier in the course of a perturbation treatment of the external field and 
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the radiation field. Actually the formula 


= Qn Jor exp [ipa] jn'(p)[ 1 — 1(p?) + (0) — ime(p)IT(p?)] , 
where //(p?) is defined by (71) can be derived by using perturbation theory in 
the external field only. The function //(p?) also enters into the calculation 
of the vacuum fluctuation of the average current 


(135) nee i darj (0) fa) 


(here f,(x) is a «test function » which vanishes outside a certain space time 
region FR). One finds that 


(136) <0 | j,.(2)j,(2) | 0> = [ar (Pu Pv— SnD? )LT (p?) | Galp) |?, 


where G,(p) is the Fourier transform of the (arbitrary) test function. If we take 
u=v=1, say, and note that @,(p) is arbitrary, we see that J/(p?) must be 
positive. Actually this can be proved in a very general way. As in the per- 
turbation example discussed earlier, the quantity 


A = dall(— a) 
(137) IT(p?) —I1 (0) = — pr | +p)? 
0 

appears in an observable, and ought to be finite if the theory makes sense. 
It is clear therefore, that to discuss the finiteness of the renormalization con- 
stants and of the observable quantities, we must know the high energy be- 
havior of //(p?). The fact that /7(p?) is a sum of positive terms (cf. (133)) is 
of great help here since we may hope to obtain some information about the 
high energy behavior of J/(p?) by considering a partial sum of the terms 
in (133). Thus 


V f o pi Rin 
(138) Ip) >— S Olinits ><a lu» 
Sas Gigi =p 


where the states |q,q'> are states with one incoming electron-positron pair. 
One may show that if all the renormalization constants are finite 


° . 1 via VA } / 
(139) lim | Oljla >= 7% Ol Hla a>; 


—(a+q' +0 


1559 


128 G. KALLEN 


where the matrix element on the r.h.s. is the Born approximation for the 
unrenormalized theory, a result quite similar to that found in the Lee model (*). 
From this it is easy to show that 


N4 é 


(140) IT(p*) > G— 1)? 128’ 


which leads to an inconsistency unless at least one of the renormalization 
constants is infinite. 

A much more important question is whether the observable quantities in 
the theory, 7.e. expressions of the type 


o 


(141) IT(p?) — I1(0) = | 


K 


dall(— a) 
a(1+ (a/p?)) ’ 


are finite, even though the renormalization constants be infinite. In this case 
we can no longer say that the bare fields and charges exist, but that at higher 
energies « effective » fields and charges appear, which for example have the 
form 


(142) e*(p?) = e? [(1 — M(p?) + 1(0))? + a IP*(p?)}. 

Note that (142) approaches 1/(1— LZ) if /7(0) is finite. Similarly the factor 
N? is replaced by a function N?(p?) which approaches zero as p? becomes very 
large. Thus (139) becomes ; 


e2 2 - ; 
2") Wip)<0| fla a> - 


(143) lim, <0(j,\¢, a> = \/ 


—p= —(q+q'?>0 
o 
The convergence of the integral if da II(—a)/a? implies that 


(144) fim ey 


pow pe 


and one may similarly show that N2(p2) does not decrease faster than some 
power of p?. To go on from here we make the assumption that the high energy 


(*) As we have already shown, the renormalization constant 1/(1—) is infinite 
in perturbation theory. Nevertheless it could be that the renormalization constant 
calculated without the use of perturbation theory could be finite. For example if 
IT(0) ~ 1/(1+ (log 0)?) such a situation would arise. 
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behavior of the matrix elements at very high energies (for all the particles 
involved) is determined by the Born approximation for the theory character- 
ized by the appropriate effective charges and fields. Thus if |z> represents 
the state with v incident photons k,,..., k, then 


(145) <0|5,12> 


I 


e?(p?)\~ m2\/ “Bilis 


Again a lower limit to //(p?) can be obtained by summing over all states con- 
taining photons only, and in particular only those photons having high enough 
energies so that they interact in an effectively weak coupling manner. Thus 
if the energy above which the asymptotic form holds is #, then we include 


N<V—j'/E®? photons. We thus find 


146) II(p*) > N2(p? ey te 0 |j2| hy ... hy ><Iby I, [j2| 09 
( ) (p )> (p A ie e2 Ep eS lin | Beran ry See es) Igo sf has 


The r.h.s. of (146) is proportional to the transition probabilities for the 
emission of » photons by a weak external field, and the result is a Poisson 
distribution with a mean number of photons of the order of [log — p?/m?]?. 
Thus on the basis of our conjecture about the behavior of the matrix elements 
at high energies we can evaluate (146) and find that 


(147) Tp) > enrpr) & EN") og SEY", 


i.e. in the high energy limit 
(148) » IT(p?) > N*(p*) exp [a(p?) [log (— p?/m?)}* | 


so that /7(a) increases faster than any power of a. 

We have therefore shown that if the conjecture made above is correct, 
the theory does not give any finite answers, and because of the exponential 
behavior of /7(a) no amount of renormalization can fix it up. 

To show whether the conjecture is indeed correct in general, one is led to 
the study of 


<0 [9y,| Wy sey) = infatr, --- G2,0(% — 2%) ... 0(x”-*— a”) - 
. <O | [ju»(x"), (Fuy(2"), sisibsl [9 u,(21)s j,(X)] oat 0 <0 | A}? (2,) ns Af) (ty) | ky aig ky» ? 
which brings us to the theory of the general structure of vacuum expectation 


values of retarded (n-fold) commutators. 


2 


i 
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The complications encountered even in the case of the three-fold vacuum 
expectation value are so large that it is difficult to envisage an early proof 
or disproof of the conjecture. 

In conclusion we may briefly speculate as to the situation in case the 
conjecture should turn out to be correct. The evaluation of (146) hinged on 
the fact that <0|ji|k,...k,> had the Poisson behavior, which is a classical 
limit effect, and which cannot be done away with. The only hope of modifying 
the conclusion in a simple way without affecting the excellent agreement with 
experiment in the low energy region is to change the positive definite cha- 
racter of [7(p?) at high energies. This might be expected to happen at ener- 
gies of the order of mesonic or nucleonic masses, and it would involve the 
introduction of an indefinite metric. With such a modification of the theory, 
problems arise with the unitarity of the S-matrix (which in effect expresses 
the fact that all probabilities for observable events are positive and add up 
to one) and it is not clear at this stagé whether the various proposals made 
can be made consistent with physical principles. 


SUPPLEMENTO AL VOLUME XIV, SERIE X N. 1, 1959 
DEL NUOVO CIMENTO 4° Trimestre 


The Framework of Quantum Field Theory. 


R. HAsG 


Princeton University - Princeton, N.J. 


1. — Introduction. 


The purpose of these lectures is to give an account of a particular approach 
to Quantum Field Theory which has been used by several people in the past 
5 years. It has been called the « axiomatic method » (a name which I dislike 
intensely) or «approach from basic principles » or «systematic analysis of the 
frame». No spectacular developments have resulted from it so far but it 
furnishes us at least with some clear cut mathematical questions, some of 
which seem to be answerable within a finite amount of time. 

The motivation for setting out on such a relatively uninspiring program 
may be understood from the following remarks. In the period between 1930 
and 1948 most physicists were convinced that there was something basically 
wrong in the scheme of quantum field theory. Direct evidence for this was 
seen in the divergence of higher order terms in the perturbation expansion. 
The consequence of this feeling was a large number of different proposals for 
change: change in the formalism, change in the basic concepts, assumption 
of new physical principles. Then, for a few years, faith in the original scheme 
was restored by the success of renormalization which showed how to extract 
finite results from the higher order terms and, more important still, that the 
information thus obtained was physically relevant in Quantum Electrodynamics. 
However, the gloomy outlook returned again since the basic problem had 
remained unsolved. We do not know whether the set of rules which is called 
« renormalized field theory » actually defines a consistent theory nor have we 
learned to formulate a relativistic field theory without recourse to an extremely 
unclean terminology. Characteristically enough the inadequacy of the con- 
ventional theory as well as of all proposals for change lies not in the fact that 
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they were tested and found out to be wrong but in the fact that we do not 
have the strength to test them. I think this is a very important point to bear 
in mind if one wants to think about the time scale in which essential progress 
may be expected. It may very well be that we have to work patiently for 
many years just to get sufficient control of the mathematics of an infinite 
system of operators before we can discuss fruitfully the merits of new physical 
ideas. (Of course these remarks refer only to the treatment of the dynamical 
problem, not to the classification scheme of elementary particles.) 

This is now exactly the frame of mind which leads to the systematic 
analysis approach. 

We start with the question: 

How far do the physical principles as we know (or understand) them today 
go in fixing the mathematical frame of the theory? Of course, since we are 
only interested in a special sector of physics, namely the description of inter- 
action processes between small particles, we need to be concerned only with 
those principles which we believe to be relevant for this particular sector. 
Already at this point we have to make the decision, whether the general theory 
of relativity is relevant to our purposes or not. We assume here that the 
general theory of relativity may be ignored, but it is by no means clear whether 
this decision is a wise one. The principles which we do want to incorporate 
then are the following three: 


I) The basic mathematics of Quantum Physics. 


II) The invariance of the theory under inhomogeneous Lorentz trans- 
formations. 


III) The fact that all the states of the system we want to describe cor- 
respond to collision processes between a number of particles. This 
particle number may be arbitrarily large but never infinite. 


The consequences of the first two postulates (quantum physics plus Lorentz 
invariance) have been formulated in their most general mathematical form 
by E. P. Wiener partly together with V. BARGMANN and A, 8S. WIGHTMAN 
and have been reported in great detail in this course in the lectures of L. MICHEL 
and A. 8S. WIGHTMAN (which will be quoted as M-W here). I can therefore 
restrict myself in this respect to a very brief summary. The third postulate 
serves to select that particular type of representation of the inhomogeneous 
Lorentz group which will be of interest to us in quantum field theory. In 


other words, it will make a statement about the required type of spectrum for — 


the infinitesimal operators of the group, among which are the Hamiltonian, 
the Momentum, the Angular Momenta. I shall therefore call the conse- 
quences of principle III the «spectral conditions ». Their formulation and 
condensation into a mathematical formalism will be the first part of this 
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lecture. At this stage, in spite of using terms like «incoming field » our frame 
has no connection as yet to a quantum field theory. It is essentially a 
general S-matrix frame. The question of how to pose the dynamical problem, 
which eventually will determine the S-matrix, is not yet discussed. 

We establish the connection with field theory by assuming that the basic 
quantities in which all the previously defined notions have to be expressed 
are operator fields with a certain set of properties which will be discussed in 
the second part of the lecture. 

Finally, we will discuss the connection between the field quantities and 
the S-matrix, the physical basis for assuming certain properties for the field 
operators and related questions. 


2. — Spectral conditions. 


To summarize briefly. the consequences of the first two requirements 
(Quantum Physics plus Special Relativity) for the mathematical formalism: 

We are dealing with a Hilbert space # and a representation of the 
inhomogeneous Lorentz Group by unitary operators U(a, A) in this space. 

We will now make use of the particle postulates III to make statements 
about the type of representation U(a, A) with which we have to deal. 

First, there should be 1-particle-states. Those states correspond (according 
to the analysis reported by M.-W.) to irreducible representations of the in- 
homogeneous Lorentz group of type (s,m): (s =spin, m= mass value). For 
simplicity we discuss here only the case of spinless particles (s = 0) with non- 
vanishing rest mass (m+ 0). No distinction between « elementary » and « com- 
posite» particles is made. 


Postulate 1. There shall be certain discrete, invariant subspaces in # 
called Fé” which transform under irreducible representations of the Lorentz 
group. These representations shall be of type (0, m,) (*). 


21. Description of the states from Fé” . — A general state of one particle 
is characterized (see M.-W.) by a wave function f(p), where p stands for the 
4-vector p, p,. We adopt the convention of writing the Lorentz scalar pro- 
duct between two 4-vectors as wp=x-p—ap . The wave function is de- 
fined only on the hyperboloid p?=—m?, p,>0, but, for convenience, we 
will sometimes assume it to be extended in a continuous fashion into a small 
neighborhood of this hyperboloid. The scalar product in Hilbert space between 


(*) Of course, since every representation of the Lorentz group is decomposable 

into a direct integral of irreducible representation, the emphasis lies on the fact that 

 F€® is a discrete subspace, i.e. that its vectors are normalizable states of the total 
space de. 
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twc states with wave functions f, and f, is 


~ ~ ~ d 
(1) (fis fe) — |e. E,) fo(p, 2) (sF = 
=| filp) folp) O(p?-+ m2) d*p with 2, =4/p*+m. 


The transformation properties are (U(a, A)f=f') 
Translation by 4-vector a: 
f (p) = exp [— ipa] f(p) 
Homogeneous L.T. A: 


f'(p) = f(A») 


Sometimes it is useful to go over to the wave functions in position space 


a d 
(3) fle) = 2a)-4 ip, H,) exp Lip-*— By) se 


f(z) is obviously a solution of the Klein-Gordon equation 
(4) (1 — m?) f(v) = 0. 


We shall also sometimes use the Newton-Wigner wave functions in momentum 
or position space 


A i(p, B 
P(p) = Kp, Bp) ; 


5 we 
Ey /2E, 


pla) = (Om)-8 | @(p) exp [ip-x — H,t]dp- 


The advantage of these wave functions is that the scalar product takes a simple 
form and also (or rather as a consequence) that i |@(x, %) |2?dx may be directly 
v 


interpreted as the probability of finding the particle within the volume V at 
time 2. In these various wave functions the scalar product takes the form: 


© st) =if(n5b— Fp) arent [te haw =[ot.dx =[$9.ap- 


We shall also need the asymptotic form of a solution of the Klein-Gordon 
equation for large times. This may be obtained by the method of stationary 
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phase: 
g(x, t) = (2)-? | ?(p) exp [i(p-x —V/p?+ m*t)|dp. 


The phase in the integral is stationary for: 


fa t or — with ee 
——_———— = = _————— vit (i 
Vp? +m? P= V1i— ov t 


(7) 


Therefore, if ¢(p) is sufficiently often continuously differentiable, the value 
of (x,t) is determined by the values of @G(p) in the neighborhood of 
p= (mv)/\/1—v. Expanding around this point one gets as the first term 
in the asymptotic expansion in powers of 1/t. 


(8) p(x, t) ~ i y(my/t)? G(myv) exp [— tym] ; y=V1—0. 


In order to get information about the type of representation in the sub- 
spaces corresponding to more than 1 particle we need some results of the 
general theory of collision processes. 


2°2. General collision theory. — The natural and general concepts of col- 
lision theory (whether we deal with many channel reactions in wave mecha- 
nics or with problems in quantum field theory) are the following: 


a) The notion of localized states 7.e. a criterion which tells whether a 
state ® is at time ¢ localized in a region JV. 


b) The notion of an asymptotic product between states: If ®, and @, 
are any two states which are localized at time t in the regions V, and V, and 
if V, and V, are far apart, then there exists in nature also a state ® in which 
we have the situation described by ®, within V, as well as the situation ®, 
within V, and nothing outside the regions V, and V,. We will call ® the 
product state at time ¢ between @, and @,: 


(t) 
D = D/O; . 


Obviously this state ® is not necessarily well defined operationally if V; 
and V, are close together but asymptotically, for large separation, it has an 
unambiguous physical meaning. We will find it convenient to define the mathe- 
matical operation R also between states which do not refer to well separated 
localization volumes but then we have to remember thatitis only the asymp- 
totic product which has a physical significance and that only this should enter 
into the final formulae. 
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(t t+ : 

2°3. Connection between ‘N and i exp[iHt|® is the state which at 
time t/=t-+t7 has the same spatial distribution as ® at time ¢t. If @ is loca- 
lized in V at time t, exp[iHt]® will be localized in V at time t+7 and 
therefore 


| exp[iHt](@,\®,) = exp [iH1]®, A exp [iH 1]®, , 
(9) O1 
| ON PD, = exp [iH t]{exp [— iH1]®,\ exp[— iH1]@,}. 


If the localization volumes of ®, and @®, are far apart then the interaction 

between the two subsystems is negligible, which means, that (for not too 
(t (t b 

long time intervals 1) exp [iH t]{D,\ B,} and exp [iH ]®,\ exp [iH7r]|®, is the 


same thing, or 
(t+T) 


(ft) 
G,\ x O,\Q,. 
From this we want to prove now that 


(10) lim 0,2, 


t+ 


exists (is a definite, finite vector in Hilbert space) for arbitrary normalizable 
component states ®, and ®, and that only the definition of the product between 
infinitely separated components enters into (10) in the limit. The limit is to 
be understood in the sense of strong convergence. The exact form of the 
assumption we make about the vanishing of the interaction for large distances 
in order to prove Kq. (10) is 


(11) lim ke” 
Ro 


exp [iH7]|(®,(R)/ ®,) — (exp [iH] ®,(R)) A (exp [iH 7]®,)|| = 0 


for some exponent » >1 and for any fixed states ®,, ®, and any fixed 
value zt. In (11) 


@,(R) = exp[iPR], . 


Let us prove (10) from the assumption (11) for the case in which ®, and ®, 
are single particle states. 

Let us do this for the case where ®, and @, are single particle states. The 
spatial probability distribution of the two particles at large times is given 
by (8). If we write ®,,= ¥ @\") where each ®” has a momentum space 
wave function g(p) which vanishes outside of a cell i, then for indices ¢ 
and & which are not identical (or immediate neighbors) the localization volumes 
of ®” and ©” are far separated for large t. 
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We have 
) Pena? am 9 w? aw 
(12) - OA O,= OPA GP 4 GONG, 


The prime in the first sum means that i=k (and more exactly also imme- 
diate neighbors) have been omitted. These terms are taken care of in the 
second sum. 


Let v be the volume of the momentum space cells. The norm squared of 
, rab ae 4 SCE Cay 
@/\ OP is proportional to v?. Furthermore @{?/\@{ and @°/A OY become 


orthogonal for large ¢ if 7 and & are not identical (or immediate neighbors) 
because the localization volumes become disjoint. Therefore the norm squared 
of the second sum in (12) is essentially >| @{° |? which is proportional 
to » since the number of terms is proportional to 1/r. By choosing a sufti- 
ciently fine cell division we can thus reduce the second term in (12) to an 
arbitrarily small contribution. 

On the other hand, for any term in the first sum, the distance R,, between 
the localization volumes grows proportional to ¢t. Therefore, according to (10), 


Lim gn GOA” SD” — OH NG] + 0, 
t—> @ 
If n>1 this implies 
(ty) (ty) : 
|D,\ ®, — BA D,|| < € he ba siitecos ek Ce) 


i.e. the existence of the strong limit of (11) for t+ oo. The generalization 
of this to states ®,, ®, which describe several particles is obvious. 
(t) +) 


. : SP (-) - ( 
We will from now on denote the operation lim (A by x and lim / by x. 


t>40 t—>-@ 


24. Metric of asymptotic product states. — If the localization volumes of 
®, and ®, at time ¢ are far separated and the same is true about the loca- 
lization volumes of ®; and ®, at that time, then from the physical meaning 
of the product combination it follows that 

() (ty oy ' ! ! ' 
(12) (D,\ @D,, OA D,) ~ (®,, D,)(®,, B,) + (M,, B,)(P,, P,) . 
The reason is, that we only get a non-vanishing scalar product if either V, 
nia ! = at 
and V, as well as V, and V, overlap or if V, and V, as well as V, and V, 
overlap. At most one of these alternatives can hold if the separation is large. 
Consequence: 


(13) (D, x D,, BLX D,) = (D,D,)(,B,) + (P,,)(P,®)) 
for any states @, ... @). 


2°5. Transformation properties under the invariance group. — « The theory 
is invariant under a certain transformation » means; 
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a) There is a unitary (or antiunitary) operator R. It gives to every 
state ® the «transformed state » R® (active point of view in the termino- 
logy of M.-W.). 


b) If ® happens to be such that at some time ¢ it is decomposed into 


(t 
two far separated subsystems (i.e. if O= @, NO, with localization volumes 
V,, V. far apart) then 


(14) RO ~ RO, ) RO,. 


This is a strong restriction since it shall hold for all t. Also it is clearly neces- 
sary. For, consider a state of a system which is at this moment in this room. 
If the prescription for transforming this state depended on the state in which 
a particle on the moon happens to be then clearly such an «invariance prin- 
ciple » would be useless. : 

The easiest way to satisfy b) is to require that R should commute with 
the Hamiltonian H. Then, if b) holds for one time it holds for all times. 
Most of the important invariance principles are of this type (translations in 
space and time, rotations in space, space inversion. On the other hand « pure 
Lorentz transformations » do not commute with H but they still satisfy the 
more general requirement b). Time reflection requires a separate discussion. 
There, instead of (14) we have 


(-4 


(15) TD; N @,) + (T®,) \ (T@,) for large separation. 

Consequences: 

(16) R(®, <@,) = RD, 2 RO, R any invariance transformation without 
time reflection, in particular R = U(a, /\). 


I) PD, 2 @,) == (T@,) © (L®,) T time inversion. 


2°6. Summary of results. — From the single particle states we can form by 
the operation x or by S? the asymptotic many particle states. We make now 
the physical assumption that this procedure yields us a complete basis in 9 
v.e. that there are no states which are not interpretable in terms of asymptotic 
particle observations. Furthermore we add, for mathematical convenience, a 
single vacuum state ®, which is supposed to be invariant under U(a, A). 
Then the structure of J€ may be written as 


(18) F=D,O > HRY HNO..., 


where F€” are the subspaces corresponding to all different types (index j) of 
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single particles, 9° is the subspace of 0, ®,, @,€H”, DEH", i.e. the 
states corresponding to two incoming particles of types j and k respectively. 
The important point, following from the preceding discussion is now: 


Theorem: 2" is isomorphic to the direct product between the spaces 
FH” and #™ (or, if j=k, to the symmetrized direct product). The isomor- 
phism refers to the algebraic’ operations (sum, scalar product) and to the 
transformation properties under the invariance group. 

Thus, since #” and A” transform under the irreducible representations 
D®, D® the space Z” transforms under the direct product representation 
D®x Dp”. : 

The extension to the higher subspaces #"”, ete., is obvious. At first sight 
this theorem may be a little surprising because it means that the rep. U(a, /\) 
in the whole space 2 is exactly the same as that of a system of non-inter- 
acting fields A‘?(a) (one field for every particle type j). 

In particular it means that if the Hamiltonian and the momentum ope- 
rators are given in terms of some system of basic variables (e.g. in terms of 
a canonical system q;, p; of operators) the physical interpretation of which 
is unknown, then the single particle states are uniquely determined but the 
interaction between the particles is completely undetermined. Only when we 
know the connection between this basic set of operators and space-time measu- 
rements the interaction is fixed by giving H(p,, qz). 


27. «Incoming and outgoing fields». — From the above theorem there 
follows an easy way to introduce a complete system of operators in #%. Take 
a system of free fields Aj” (a), one field for each particle type. Each such field 
obeys the Klein-Gordon equation with the experimental mass of the particle 
in question and the free field commutation relations: 


(9) (OQ —m3)A™(a) =0; [AM (a) AM™(e')] = 16,, A(w — 2,3 m,) - 


The physical meaning of these «incoming fields » shall be the following (we 
drop the index j from now on). Let @ be a single particle state corrisponding 
to the wave function f(x), Y an arbitrary state and 


pureapoe COAe 
(20) ay = if (40) xe — (2) da. 


OX, 


This quantity is actually independent of ¢ as it is the scalar product of two 
solutions of the Klein-Gordon equation. Then 


(21) AMY = OLY, 
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i.e. AY” is a creation operator adding one more particle to the initial con- 
figuration. 
Similarly one defines the « outgoing fields» A°(#), the only difference 
7 7 ¢ p 90 7 a Toy 6 7 . € A (out) 
being that we replace the minus sign by a plus sign in (21). Thus A; adds. 
a particle to the final configuration. 


Notation. Let us use a complete orthonormal basis system of single par- 
ticle states ®, (corresponding wave functions f,(#)). Instead of 


we write )oc B se. 6>, or sometimes simply |a>, abbreviating the set of indices. 
a“f8...6 which characterizes a configuration by a single letter. From (13) it 
follows that the states |‘@> (and similarly the |%@»>) have simple orthogonality 
properties. We write then symbolically 


( 


(=>) Z: +) 
(22) CO Tae Gee od 


ey 
|‘a’> = 6,, 
S-matriv. Since the |‘@»> as well as the |‘a’> form a complete basis system 
in # and since the scalar products between corresponding elements within 


these two systems are identical (eq. (22)), there is a unitary operator S map- 
| 


ping |‘a’> on |‘a’>: 

(23) \‘@> = S\‘@>. 
Alternatively, S may be defined by 

(23) AS (0) ease) en 


The probability amplitude for observing a configuration b after the collision 
when one starts from an initial configuration a (S-matrix element) is 


(24) <b |@> =< 


2°38. Invariance properties of S. — According to (16) we have for every ele- 
ment R of the invariance group (not involving time reflection) 


(25) CSE) == .0 
which gives of course the conservation laws for energy, momentum, angular 


momentum, parity. 
The invariance under time reflection gives the principle of detailed ba- 
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lancing, which we formulate most simply for the S-matrix elements directly: 
Let a, be the configuration obtained from a by applying the time reflection 
to each single particle state contained in a separately (see M.-W.).. Then 
(17) tells 


: eA (4) (+) as 
(26) Ta > 6 Easy =| Gy oe 
Therefore, since 7 is antiunitary 


27) \8,,= <b |'@> = (7b) |(Ta)* = Cb, |@* = <B@,| 5) = 8 


apbp * 


29. Connection to the Moller formal theory of scattering. — It may be that 
there exists an hermitian operator H, such that (with a suitable definition of 
the product /\ for small distances) 


(28) exp [iHt|®, IN exp [iHt|®, = exp [iH,t|®, NO, 
or every pair of states ®,, ®,. Then according to (9) 
(t) : (0) 
@/ ®, = exp [iHt] exp[— iH,t]®, /\ ®, 


and the existence of the limits t — + co implies the existence of the Moller 
« wave matrices » 


lim exp [7Ht] exp [— 1H,f] . 


This formalism is however not easily extended to the case of many channel 
reactions because there one would have to introduce a set of different ope- 
rators H, which has several disadvantages. (See, e.g., H. EKSTEIN: Phys. 
Rev. 101, 880 (1956)). 


3. — The field operators and their assumed properties. 

Let us consider again the simplest case of a classical relativistic field theory 
with interaction which is known to be meaningful namely the one with a single 
scalar field satisfying the equation 


(29) (0 — m?*) A(x) = g A*(Q) . 


Challenge: To construct a quantum theory which corresponds to this 
classical model. If this can be done at all in any sensible way then the result 


= 
r 
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should incorporate the concepts discussed in the last section. Beyond this we 
shall want that the basic quantities of the theory, in terms of which everythiny 
else has to be expressed ultimately, is a set A(x) (one quantity A to every 
point # in space time). Now the first (and fundamental) difficulty is, that a 
single A(x) cannot be an honest observable both for physical and mathema- 
tical reasons. It should correspond to something like the measurement of the 
force on a test body in a single space-time point and this is impossible by the 
uncertainty principle (see N. Bor and L. ROSENFELD: Dan. Mat. Fys. Medd.). 
The best one can hope for, is that the weighted averages of A(a#) over finite 
space regions are observable, 7.e. quantities of the type [g(@)A(e) dx, where 
g(x) is some weight function. 


Question: Is it necessary to average over a 4-dimensional region or is it 
legitimate to talk about measurements at an exact time t? 

The answer, based on the experience which KALLEN, THIRRING and others 
have gained in their calculations seems to be: in a model like the one above 
a 4-dimensional averaging is necessary aS soon as g 40 in contrast to the 
free field case, in which we know that a 3-dimensional smearing is sufficient. 
To be on the safe side therefore we start with the most. restrictive class of 
test functions g, the class M of infinitely differentiable functions vanishing 
outside of a finite region in space time and require only: 


1) To every real function g(x)e@D there is an hermitian operator 


[4 (x) g(x) d4x in FH. 


a 


In the terminology of the Garding-Lyons course one would say that A(x) is 
an operator valued distribution. We will henceforth take care of this mostly 
by a mental note and talk for the sake of simplicity about the « operator » 
A(a#). But, of course, the distribution character of A(#) means, that the cube 
A%(#) appearing in the classical field equation is undefined. In fact the central 
question in the whole game is: can one define something corresponding to. 
A*(”%) by some limiting procedure? But this question can certainly not be 
answered at the beginning and therefore we cannot formulate the equation 
of motion. 

A second requirement for the A(#) is obvious . They shall furnish a com- 
plete description: 


2) The system A(x”) is a complete system of operators in 9; or, mathe- — 
matically: the space € is irreducible with respect to the ring R generated 
by the A(z). 

In particular, therefore, the Lorentz operators U(a, /\) must be expres- 
sible as functions of the A(z). 
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As a third property we want that the set A(x) transforms under the Lorentz 
group like a scalar field, 7.e. 


(3) U(a, A) A(a)U*(a, A) = A(Axv+ a). 


The other two general properties which we want the field to have are 
perhaps more problematical. They are intended to express the causal structure 
of the theory and they are about as extreme as it is possible to be without 
stumbling into one of the known pitfalls. May be they are too strong. But 
it is in the spirit of this conservative approach not to give up-anything unless 
one is forced to do so and quite apart from this we do not know at the moment 
of any natural way to loosen these requirements. Thus we require: 


4) There should be an equation of motion, such that A(x”) is determined 
by the set A(y) with ye@, where @ is any space time region which inter- 
cepts all the backward (or forward) time-like rays from the point a. 


Mathematically: Call a region @’ dependent on @ if all the backward 
(or all the forward) time-like rays starting from points in @’ pass through @. 
Call Rg the ring generated by the A(x) with «e€@. Then we require that Rg, 
is a subring of Rg whenever @’ is dependent on @. Clearly the hyperbolic 
differential equation (29) would satisfy this requirement. We cannot use a 
differential equation unfortunately, because the field needs a 4-dimensional 
smearing and is undefined at an exact time. 


5) [ A(x), A(y)|= 0 for space-like separation «— y. 


The simple physical idea of that is that if f, and f, are two test functions 
with supports in @, and @, and if it is true that if A(x) f,(~) dw corresponds 
to a measurement which affects exactly the region @,, then this measurement 
should not interfere with i A(x)f,(x)dw as long as the regions @, and @, are 
totally space-like with respect to each other. 


4. — Physical interpretation. 


In the classical model described by (29) the density of the interaction energy 
is g:A‘4(x), i.e. positive for positive g. Therefore if there exists a corresponding 
quantum theory we will not expect any binding effects. In other words we 
expect that there will be only one type of particle described by it. 

The situation is then particularly simple in so far as we have to deal only 
with one field A™(”), one A*(v) and one A(«#). What is the connection be- 
tween these fields? 
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41. Formal approach (asymptotic condition). — Let us start with some formal 
manipulations. They disregard the warning signs put up in Section 3 but 
they have perhaps some heuristic value for suggesting the connection between 
A™ and A. 

Suppose we quantize (29) according to the canonical scheme (see KALLEN’s 
lecture) and introduce the «free Hamiltonian » 


af 
H, =; [ema 4y +7? + mA?) d3x, 


where A and a are the canonical variables at time zero and m is the « expe- 
rimental » mass of the particle. If we followed uncritically the procedure of 
the formal scattering theory of wave mechanics we would assume that 


(30) FR = lim exp [iHt] exp [— i,t] 
t>- © 


exists and is a unitary operator (the Meller wave matrix). Then, transforming 
A(x) and a(x) by R we would obtain a second canonical system of operators 


(31) A(x) = RA(x)R~; w(x) = Ra(x)R™. 
Since according to (30) 
(32) exp[tHt|k = # exp |tH,z], 


the equation of motion of the A(x) would be the free Klein-Gordon equation 
if we define A™ for arbitrary times by 


(33) A(x, t) = exp [iHt] A(x) exp [— iHt] 
(H is the total Hamiltonian). 

This justifies the name A™ for the quantities defined by (31). We may 
now use (32) to express the connection between A™ and A at an arbitrary 
time @,: 

A'"(v) = R exp [iH, a] exp [— iHa,]A(a) exp [iHa,] exp[—iH,a,|R~. 


This gives in the limit 7 ——oo 


(34) lim (A(x) — A(x)) +0. 


(34) is, of course, a mere symbolism. What shall be the exact meaning of 
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it? First we must imagine (34) multiplied with some test function and inte- 
grated. This is harmless. Secondly we must say what the limit means. 
In wave mechanics the corresponding limit relations are true in the sense of 
strong convergence. This would mean: apply the (smeared) operator on the 
left hand side of (34) to any fixed state vector Y%. Then the sequence of image 
vectors shall go towards zero in length as 2 —— co. Now it is easy to see 
that strong convergence in (34) is impossible for a local field theory, the 
reasons are: 


1) The component of [ilx, x) —t) A(x) d4z|0> which is orthogonal to the 
one particle states does not decrease in norm as t—»— oo. Therefore the 
strong convergence in (34) can only be true if A(x)|0> is a one particle state. 


2) If the A(z) satisfies local commutation relations, A(x)|/0> cannot be 
a one particle state unless the interaction vanishes. 


Although both these statements were given in my Copenhagen lecture 
notes of 1953-54 I had forgotten the first one of them when I wrote the paper 
which appeared in Dan. Mat. Fys. Medd. (1955). As a consequence there is 
a wrong formulation of the asymptotic condition in that paper. 

The first correct formulation is due to LEHMANN, SYMANZIK and ZIMMER- 
MANN (Nuovo Cimento (1955)). It is (see also LEHMANN’s lectures) 


(35) lim (8) 4,0) |) > | ABP», 
with 
(36) dines i (A (a) jl) — A(w) fla)) dea, 


where f is a positive energy solution of the Klein-Gordon equation and ®, Y 
two arbitrary states. The essential difference between (35) and the customary 
relations in wave mechanics is that only the matrix elements of A,(t) between 
two fixed states are assumed to converge whereas the vectors A,(t)|W%> need 
not approach any limit as t—W— oo. Mathematically: Only weak conver- 
gence is required. The justification of (35) by L.S.Z. was that its application 
gave the same results for the S-matrix in perturbation theory as Dyson’s 
technique. 


To summarize. Add to the 5 requirements for A(x#) which were stated in 
Section 3 the «asymptotic condition » (35) namely a) that the weak limits 
of A,(t) exist for t > + co and b) that the incoming (or outgoing) fields de- 
fined by these limits satisfy the proper commutation relations (19). This is 
- one way of making sure that the theory has an interpretation in terms of 
particles. ; 


a 10 - Supplemento al Nuovo Cimento. 
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Problem. Find an operator field A(«v) which satisfies all these conditions 
(except the trivial solution A= A™=A™). Essentially nothing has been 
done about this «existence problem» so far. A more modest problem but 
still tough enough: Find the consequences which these requirements for A(z) 
imply for the S-matrix and related quantities. 

Such questions will be discussed in the talks by LEHMANN and in WIGHT- 
MAN’s lectures on analytic properties of vacuum expectation values. 


4°2. « Localized states ».— In the previous Section we have regarded the 
asymptotic conditions as a postulate which isimposed on the field in addition 
to the general requirements listed in Section 3. The analogous procedure in a 
wave mechanical scattering problem would be to postulate that the limits of 
exp [71Ht] exp[—7H,t] exist for ¢~-+ co and define unitary operators. 

Now, of course, these asymptotic properties for |t|—> co are a consequence 
of the vanishing of the effective interaction between two subsystems as their 
separation R—-oo. The way how to translate the asymptotic properties for 
large R at finite times into asymptotic properties for large |t| has been de- 
scribed in very general form in Section 2. If we apply this method to the 
case of field theory we can learn: 


a) To replace the asymptotic condition by a requirement for products 
of field operators at a finite time. 


b) To treat collision problems also in such theories in which there is 
no direct co-ordination between the set of basic fields and the set of particle 
types which are described by the theory (e.g. a theory with one basic field 
A(a#) which describes 25 different. particles and therefore has 25 different in- 
coming fields A(a)). 


c) To construct the incoming: states by other limiting procedures than 
(35) which may occasionally be useful. 


If B is a space time region we introduce the symbol Ry to denote the set 
of operators which are functions of the A(x) with x restricted to 8. By He 
we denote the subspace of states obtained by the application of these operators 
on the vacuum state. We introduce a (partial) physical interpretation of the 
field quantities A(x) by assuming that the states of #,, can not be distinguished 
from the vacuum by means of observations in a region which is far away 
from 8% in a space like direction. In other words %,, shall contain the states 
which are experimentally localized in 8%. 

This interpretation is only possible if 


(37) *  <O|dy"4' [0> = <0] g,|0><0|q’ |0> for large R 
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with 
(38) dn = exp[tPR|q¢ exp[—iPR] ; q, YE Ry. 


In fact we shall assume that the difference between the two sides of equa- 
tion (37) decreases faster than any power of R. 


Remark: 1) In the theory of relativistic free fields this difference decreases 
as exp[— mR] (m being the smallest mass). 


2) In the case of a field theory with interaction satisfying the requi- 
rements of Section 3 it can be proved that the difference decreases faster than 
any power, provided the energy-momentum spectrum is of the type discussed 
in the Section 2 and provided that no particles with zero mass occur in the 
theory. If there are particles of zero mass then (40) is not true and the fol- 
lowing approach must be modified. 

We reformulate condition (37) (or rather a generalization of it) in terms 
of vacuum expectation values of products of field operators. 

For convenience we use regularized fields C,(7) = [f(a — y) Aly) dy, fe@ 
rather than the A(a#) themselves. These objects have ‘a meaning at a point. 
We want to describe the behaviour of the quantity <0|O,(@,) ... C,(#,)|0> if 
some of the points x; have large space like distances from the other points. 
Let us take all the times equal (@ 9 = a) =... =X, 9) and consider for example 
a division of the n points into the three groups (#,, #3) (a) (a, ... ”,). Imagine 
the points within each group being kept at a fixed constant ‘distance from 
each other while the three groups are moved towards infinity in different 
directions of space. Then, according to the physical picture underlying (40) we 
want that <0|C,(x,) ... C,(@,)|0> approaches: ‘the product <0! C,(x,)C;3(x 3) |0>- 
-<0| C, (a) |0><0| C4(a4)... C,(@,)|0> in such a way that the difference between 
the two expressions vanishes faster then any power with increasing distances 
between the groups. For a general and compact formulation it is convenient 
to introduce the «truncated part» (C(#,) ... O(v,)), of a vacuum expectation 
value by subtracting from the latter all those terms which are independent 
of the separation in some particular grouping. A recursive definition is 


(39) (O(a), = <0| Cla) |0> , 
(40) KO | O,(atp) a» On(an) |0> =>: (Opa) us) p(Ox(te) «Jere g 


where the sum runs over all groupings of the » points. 


Example. For n=2 (39) and (40) give 


O(a,) O(a), = <0| C(w,) O(a,)|0> — <0| C(a,) |0><0| C(a,)|0> . 
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Inserting this in the formula (40) for »=3 we obtain the definition of 
(C(a,) O(a) O(s)). The postulate, by which we want to replace and generalize 
the asymptotic condition (35) is now 


(41) lim R”(C,(%;).... O,(@n)) p> 0 


Ro 


for any power m, if the times 2 ...%,. are equal and if R& is the radius of 
the smallest sphere enclosing the » points x,. In other words, the truncated 
parts shall decrease faster than any power when any separation between its 
points gets large. One may call (41) the « spatial asymptotic condition » and (35) 
the «as. cond. in time». From the point of view of axiomatics (41) is advan- 
tageous because unlike (35) it does not need an advance knowledge of the 
particle types which are described by the theory. 


Remark. While (38) can be proved from the general properties of A(z) 
and the spectral conditions this is not true so far of (41). The mentioned proof 
does not work for a division of the #; into more than two groups which are 
moved simultaneously to infinity. 


4°3. Construction of states with given initial or final configurations. — We 
want to show that if (41) is satisfied we can construct to every particle type 
(discrete eigenvalue of tes an incoming field. In fact two methods for this 
construction will be given. One is a generalization of (35) and uses weak 
convergence, the other one, first suggested in field theory by H. EKSTEL, 
uses strong convergence. 

Let us first introduce a terminology. If we have a set of operators B(x) 
in # (one operator for every space-time point) we will call us a field, if it 
transforms correctly under translations: 


exp[— i1Pa]B(a) exp[iPa] = B(a+a). 


Nothing is assumed about the transformation properties under the homo- 
geneous Lorentz group. It is not essential for our purposes to distinguish 
between the case where B(x) is a honest operator and the one where it is a 
distribution, because in the latter case we can always regularize it (as done 
above in passing from A(x) to O(x)). Consider fields of the type 


(42) Bia) = Xf 9 ((@ — y1), «+ (© — Yn)) As) +» A(Yn) Uys --- Cn 


(polynomials in the basic field) with coefficient functions g(¢, ...2,) which 
have a compact support in the time co-ordinates and which vanish faster than 
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any power of |z,;| when any one of the |z;| gets large (*). It is easy to see 
that equations (39), (40), (43) still hold if the C,(x) there are replaced by any 
such B,(x@). We will call therefore such fields « almost local». The only thing 
which is important about this class of almost local fields is that it contains 
the (regularized) basic field and that (41) holds when the C; are replaced by 
any B, from this class. We might then also take these properties directly as 
the definition of the class of almost local fields. 

The main tool for the discussion of asymptotic properties for large times 
is the following: 


THEOREM. (**) Let B(x) be a set of almost local fields with <0|B;(x)|0> = 0, 
f(x) a set of normalizable, positive energy solutions of Klein-Gordon equa- 
tions to arbitrary mass values m,;. Put 


b(t) =| Baeypte) dx. 


a) Consider the vectors 


D(t) = b,(t) b(t)... bn(t)|0> 5 — D’(t) = 4, (t)b,(t) ... b.(t) | 0) , 


where 7, s, 2 are some permutations of 1, 2,..., n. Then the norm of the diffe- 
rence of ® and @’ vanishes as t? in the limit t — oo: 


lim | D(t) — B'(t)|| > ct? . 


ltl 


b) lim <0|bi(t) ... bi(t)...b 


n 
t>+0 


narld) «-. Doql(t)|0> > lim Y TT <0 b4(e)0, (2) |0>. 
The sum runs over all possible pairings of one factor b* with one factor b. 


THEOREM 2. a) If Q(x) are almost local fields which, if applied on the 
vacuum, give one-particle-states (particle type 7), then the strong limits 


(43) lim @Q7?(t) ... Q7(t) | 0> 
toio a In 


exist and define the incoming (resp. outgoing) n-particle states. 


b) The metric properties and the transformation properties of these states 
under the inhomogeneous Lorentz group are as discussed in Section 2. Here 
f; is a Klein-Gordon wave function to mass m,; and Q,;= i[(Qf — Qf) dz. 


(*) To be completely safe we should use the regularized fields CO instead of A on 
the right hand side of (42). 
(**) For a proof see R. Haaa: Phys. Rev., 112, 669 (1958). 
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Remark. One may ask whether almost local operators exist for which 
()(v)|0> is a one particle state. Since we know that there exist one particle 
states which are localized in the sense of NEwTroN and WIGNER the definition 
of localized states in field theory adopted in this Section would be inconsistent 
if no almost local creation operators existed. Apart from this we have a 
definite hope to be able to prove the existence of the Q(x) from other 
principles. 

Instead of building up an incoming n-particle state by applying n factors 
),(t) on the vacuum as done in (43) we could probably just as well obtain 
it by applying a single factor Q,(t) on an incoming (n — 1)-particle state. In 
going over from Theorem 2 to this successive construction we could only run 
into trouble if the difference vector 


Q;,(t) gOU Q;, (t) |0) cs Din =") 


(which by the Theorem 2 decreases in length towards zero as t -+ — co) would 
move out of the domain of Q,(t). This appears completely unreasonable to 
a physicist. We will disregard such fine points here but as a reminder that 
«a more careful investigation is needed if one really wants to establish the two 
following results we will not call them theorems but « statements ». 


Statement I. If Q(x) is an almost local field of creation operators for 
particle 7 (as in Theorem 2) and 


(44) <p \Q(0)|0> = (20) *F(p) , 


then Q(t) converges strongly towards Ai” where 


(45) G(p) = F(p) fip) - 


This is essentially Theorem 2 apart from the mentioned domain problem. 
More remarkable is the next: statement which establishes the connection with 
(35) and its generalizations for the case of composite particles (*). 


Statement II. If B(x) is any almost local field with 
(46) <0|Bix)|0> = 0; — <p| B(0)|0> = (2x) F F(p) 4 0, 


where |p» is the state of one particle of type j and momentum p, then for 


(*) These have been given by W. ZIMMERMANN (preprint, 1958) by a different 
method. 
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any two fixed states ¥,, ¥, 


(47) lim <¥%, | B,(t) eat Bae ed Dae |Y> ; 


t—-o 
if f is a wave function to mass m;. g is again given by (45). 


Proof (up to domain questions). Suppose ¥, is an incoming n-particle state. 
Replace it by expression (43) at time ¢. Use Theorem 1-a) to shift 5,(t) to 
the extreme right, and statement I to get rid of the Q(t) again. The problem 
is thus reduced to the discussion of the limit of <@|B,(t)|0> with @ fixed. 
Suppose @ is an incoming m-particle state. Replace it again by (43) at 
time ¢. Then we have <0|07 ... 7 B,(t)|0>. According to Theorem 1-b) this 
vanishes in the limit t —~— co unless m= 1. So only the i-particle contribution 
of B,(t)|0 survives and this is, by (46), (45) equal to A*|0>. 

The statement II is somewhat surprising because it is so extremely easy 
to find almost local fields B(#) which satisfy (46). For instance the basic 
field A(x) itself is a candidate unless its matrix element between vacuum and 
the i-particle state in question vanishes. If we put B(#)= A(x) we also have 
F(p)= const because A(0) is invariant under homegeneons Lorentz trans- 
formations. In a theory with only one type of particle the customary norma- 
lization of A is such that F(p)=1. Then (47) reduces to (35). 

We also see from (47) that it is possible to obtain from one B(x) several 
incoming fields A” as limits; the resulting limit depends on the mass value 
to which the wave function f belongs. 


Summary. — Altogether we have formulated the following requirements 
for the quantities with which we deal in field theory: 


1) Spectral conditions for U(a, A) (see Section 2). 
A weaker form of these conditions is the following. 
la) The spectrum of the energy-momentum vector p should lie entirely 


inside of a hyperboloid p?+-m>=0; p.>0. (Apart from the vacuum state 
p= 0). 


2) The conditions for the basic field A(a#) (Section 3). 


3) The asymptotic condition in space i.e. equation (41). These condi- 
tions are not completely independent and therefore not yet optimal for an 
analysis of their consequences. We can, e.g. obtain at least a part of 3) from 1a) 
and 2) (see Section 4) and conversely, we obtain from 2) and 3) above at least 
the following property of the spectrum: If p, and p, are in the spectrum then 
Pi 4-P, is also in the spectrum. 


On the other hand WIGHTMAN has given some simple models of field theories 
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which satisfy la), 3) and all requirements contained in 2) except, possibly, 
the existence of an equation of motion. They are obtained by putting 


(48) A(#) ==: Ao(x)”: 


where A, is a free field and the dots mean the Wick product. (Split A, in 
creation and destruction part and rearrange the »-th power so that the 
destruction operators stand on the right in every term). The model (48) does 
not have any 1-particle states and is therefore completely unphysical. This 
may serve as a warning that possibly the requirements 1a), 2), 3) are not 
sufficient to guarantee a physically acceptable theory. 


SUPPLEMENTO AL VOLUME XIV, SERIE X n. 1, 1959 
DEL NUOVO CIMENTO 4° Trimestre- 


Scattering Matrix and Field Operators. 


H. LEHMANN 


Institut fiir Theoretische Physik der Universitat — Hamburg 


In these lectures we shall be concerned with the following problem: Given 
the masses, spins, etc., of relativistic particles which interact, what properties 
of the scattering matrix which describes the interaction can we deduce from 
the general principles of the quantum theory of fields? These general prin- 
ciples have been formulated in an axiomatic manner by a number of people; 
most concisely by WIGHTMAN [1]. 

Without going into details, let me remind you of their main contents: 
The interaction is formulated in terms of field operators which I denote by 
A(x) or (a). 

These operators are assumed to possess: 


1) An asymptotic behavior in the time component x, of their argument: 
vector which insures the possibility of a particle interpretation. 


2) Correct transformation properties under the inhomogeneous Lo- 
rentz group. 


3) Vanishing commutators (or anticommutators) for space-like sepa- 
ration of their arguments. We believe that this property corresponds to 
causality. 


Why do we pursue the question which I formulated? 
It is hoped that by obtaining explicit properties of the scattering matrix 
we may: 


a) Correlate and thereby partially understand experimental results. 


b) Test the correctness of the axioms by confronting them with empi- 
rical facts. 
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Another motivation is of course the lack of anything better. That is, 
despite many attempts, nobody has succeeded in formulating specifie inter- 
actions (where e.g. the energy-momentum vector P,, is given in terms of inter- 
acting field operators) in such a way that reliable quantitative calculations 
can be made, in the case of strongly interacting relativistic particles. 

The present situation with respect to our problem is such that a number 
of results have been obtained during the past few years. Most of these results 
are known ,as dispersion relations whose study in the present context was 
initiated by GoLDBERGER [2]. However, we are very far from a complete or 
systematic answer to our question. 

Due to this state of affairs (and also due to my inabilities) I shall not 
attempt in these lectures a rigorous mathematical analysis. Rather I shall 
outline the ideas and methods and I hope to do it in such a way that the steps 
which must be taken to justify our procedure are more or less apparent. I 
shall devide the lectures into three parts. We need: 


I) The connection between scattering matrices and field operators. 


II) A mathematical representation of causal commutators. With these 
tools we may then discuss the results which are known so far, 7.¢. 


III) Derivation of dispersion relations. 


1. — The connection between scattering matrices and field operators. 


The initial and final particles in a scattering or production process are 
described by means of free (i.e. non-interacting) fields. That-is, in the case 
of neutral scalar particles with experimental mass m by fields A;, (vw) which 
satisfy ce 
(1) (0 a m)A,, = 0; [A,,(”), A,,(y)] ae i A(x —Y)5 
(the same relations for the outgoing field). 

The scattering matrix is then given by 


(2) Seayepy = <()out | (B)in? = <(2) in| S| (B)in> » 


where the unitary operator S transforms the incoming into outgoing fields 
according to 


(3) DWord (5) =e wa ep 2) BS 


ib 


‘ 
a 
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For later use, I collect first some elementary formulae of the theory of 
free fields. 

In eq. (2) the indices («), (8) refer to states of a complete orthonormal 
system of state vectors which spans the Hilbert space of our system. 

In practice, plane waves-corresponding to particles with definite momenta 


are used to characterize the states. An incoming state of n particles with 
momenta k, = (ky, V k?-+m?), ky, .... k, is obtained from the vacuum state |0> 


by applying creation operators a,;(k) 
(4) |, «she, = at(,)... aX (K,) OD - 


The operators a,(k) and their adjoints a,,(k) are defined by the Fourier de- 
composition of the field A, (2), 


(5) A(x) = aay | exp [ — tka] 6(k? — m2) A,,(k) = 
, bake ha : , 
(5') = Gal | Bp, (OxP [— ter] a(t) + exp Léker] ai} 
with 
(6) a,,(k) = A,,(k), a¢(k) = A,(—k) for k,> 0. 


We have the invariant relations 
(7) [a,.(&), a;(k’)] = 2kd(k — k’) ; [a,,(%), @,,(k')] = 0°. 


Corresponding relations hold of course for the outgoing field. 

For a more satisfactory mathematical treatment one may replace the con- 
tinuous system of plane waves and corresponding non-normalizable state- 
vectors by a discrete system of wave functions f,(@) which are positive fre- 
quency solutions to the Klein-Gordon equations. 

It is essential that in the two orthonormal systems ® and ®°’, the vacuum 
and one-particle states are identical (with an appropriate choice of phase 
factors), 


y= 10 ? | Kins = [koe =|k>. 


(8) |0,.> =e |0 


We note now that the expansion (5’) is not restricted to the case of free 
fields. Using a discrete system of wave functions /,(7) we can also write 


49) A(x) = S{f,(@)A*(@o) + fr(a)A** (a) }, 
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with the inversion 


Be ; 3 , 
(10) A*w) = 4 | din A(a) ao file) = if dee ftw) a fle) — 2 Atw) eh. 


In the case of free fields, A* or A*, are of course time-independent. 

To connect the scattering operator S with the interacting field A (#), the latter 
must be related to the incoming and outgoing fields. It is customary to look 
upon A(#) as an operator which interpolates for finite times between the ope- 
rators A,,(#) which describe a physical situation in the limits %— + oo. 

We are led in this manner to the asymptotic condition for the field ope- 
rator A(#) 

(11) jim <®|A%a,)|Y> = (D| Ase |P> 
for arbitrary states ®, W. 

A more detailed analysis of these relations is contained in HAA@’s lectures. 

As a consequence of (11) the following formulae hold for the matrix ele- 
ments of A(x) between the vacuum and one-particle states: 


(12) <0|A(@) |e> = <0|A, (a) 


Oy == TAY) 


Let me now illustrate by a typical example how the scattering matrix can 
be expressed—making use of the asymptotic condition (11)—in terms of Hei- 
senberg operators. 

Consider the scattering of two particles 


ptko>pt+hk’ 


with the indicated initial and final momenta. Let k,k’ refer to a neutral 
spin 0 particle with mass m. 
The corresponding scattering matrix element is 


(13) <p'Kewe|Plin> = <p" |douel’) |p, fin? = lim, <p’ | A(K’, #)|phin> = 


0 7 if O) if - 
=/dt= <p'|A(k’, t)|pkia> + lim, <p"| A(R’, t)|phin> - 


—o@ 


The last term gives immediately 


<p’ | a,,(k’) |p, k.> = <p'k., | pk,.> 5 


J5ss 
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The main term becomes, using (10) 


|; nai Be “exp [ik'a] _ 
= ifo ay, | |A(a) | pkin> Oi Host. 


— jg fase ea) (ant) cp’ 
= ifare oh (ols — mi?) <P’|A(a) Phin» 


_ after partial integrations with respect to the space co-ordinates. Therefore 


exp [ik’ax] 


Qmyr (Ce = m*)<p'|A(@) |Phia) « 


(14) | <p’ Kou |phin> = <p" hin | PR ++ if ue 


This procedure can be continued. By successive use of the asymptotic 
condition we can «convert» the particles in the state vectors into field ope- 
rators A(x). In this way we are led in a natural manner to an expression of 
S in terms of time-ordered or retarded products of field operators. This be- 
comes clear if we start from (14) and take another particle out of the state 
vectors. The relevant term is 


(15) <p" |A(2)|pk..> = <p" |A(w)az(h)|p> = lim <p'| A(a) A*(k, Yo) |P> - 


To obtain a simple final formula we can proceed in either of two ways: 
a) define a time-ordered product by 


TA(a#)A(y) = 
A(y) A(a) if Y>%, 


then (15) can be written as 
(16) tim, <p" |TA(a) A*(k, Yo) |p> =—[ an By AIAN Yo)? + 
0 ‘J0 
+ , dim, <p’ |TA(@)A*(k, Yo) |D> - 
Again, the last term is simple. It gives 


um, <P |A*(h; Yo)A(®)|D> = <P" | Aoul(*)A(@) | p> = 2ho 8(p'— k)<0| Ala) |p> 


and this vanishes after application of the Klein-Gordon operator contained 
in (14). Hence this term does not contribute to the scattering matrix. The 
other term in (16) leads as before to 


— tk 
(17) ifaty PE Cm) 0" 7A) AW) D>. 


1589 


158 H. LEHMANN 
Hence by (14), (16) and (17) 
(18) <p Kou | PBin> TF <p’ Kin | Pkin> a 


1 eel, 
= Bape | tre exp [tk’a — iky](O,— m*)(O, — m*) -<p'| TA(a) A(y) |p» - 


On the other hand, we may 


b) define a retarded product by 


| 
—' 


RA(x)A(y) = (— 1)6(% — yo) [A(w)A(y)]; A(x) 
and get from (15) 
(15') <p" |A(@)a,,(k)|p> = <p" | A(a), a, (k)]|p> + <p" | ag, (k) A (ar) | p> . 


The last term gives 


2k 0(p' — k)<0|A(a)|p">, 


which again vanishes after applying the Klein-Gordon operator of eq. (14)- 
We are left with 
(16) <p" \[A(@), ain(k)]|p> = , lim p’|[A(w)A*(k, yo)]|p> = 


Yg—>— © 


abet) Ons} 
— lim, i<p’|RA(w) A+(k, yo)|p> = —ifay By, <P Ve Ale) A*( ly yo)|D> « 
e 0 


There is no boundary term at y— + oo, since the retarded product va- 
nishes if Y > a. 
Proceeding as before we get from (16’) 


(18°) <p" out | Din» 7 a <p' Kin | DKin> = 


=— aap ft dty exp [ik’a — iky](O.— m?)(O, — m?) <p’ |RA(a) Aly) |p> - 


With (18) or (18’) we have succeeded in expressing scattering amplitudes in 
terms of field operators. This is important for our problem because we can 
now exploit the information we have on these operators—in particular the 
causality condition—to obtain properties of the amplitudes which follow from 
our general principles. Using the same methods we can continue to take par- 
ticles out of the state vectors and finally reduce the scattering matrix to 
vacuum expectation values of appropriate products of field operators. 
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Moreover, this reduction can be done in a more systematic and elegant 
manner by establishing some general formulae which may then be applied 
to transfer particles freely from states to operators and vice versa. I shall only 
quote some results: 


a) General time-ordered products may be introduced by 


(19) © ANG) 2.0 A(®,) = AW) ee Ae) UE Reng SSA Ses ae 


TA(a@,)... A(#,) Symmetric in #;, «..5 Pa. 
It can then be shown that 
(20) [S*TA(a)... A (ey), Age)) =| de’ AG — 2) (LL: — m*) ST (ay, ..5 a_, 2’) « 
b) General retarded products are defined by 


(19) RA (ax) A(x,)... A(@,) = 
= (—1)" > 6(@—2,)0(a, — a) ... 0(&n-1— ¥n) [... [A (x) A(a,)]... A(#n)] , 


where the summation is over all permutations of (%,..., “,). 
For these products we have the relations 


(20’) faa; Wy 5250), Aisle) = — ifae A(e — 2')(O — m*) R(x; a, ... Hn, 2’) 


In this manner we obtain for the scattering amplitude of identical par- 
ticles the following expressions, 


<p’ Kou | Phin» a <p’ Kin | pkin> > 
a 
(184) = On) | dta, ... d4a, exp [ik’x, + ip’x, — ikx; — ipa,]- 
‘(O,, — m?) ... (Fa, — m*) <0 | LA (a) ... A(@%)|0> ,. 
' 1 Ps ve : 
(18'a) = way | ... dx, exp [ik’x, + ip’x, — ikxs — ipx,]- 
(Oz, — m?) ... (C.,— m?) <0|RA(a,)... A(a) |0> ,. 
and similar expressions for more general processes. 
In the derivation of dispersion relations the expression (18’) has been used 


mainly. Time-ordered operators seem somewhat more complicated to analyze 
than retarded operators. However, this may change again. 


q 
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So far it has not been possible to analyze (18a) or (18’a) completely. The 
reason is simply that the mathematical problems arising in the case of four- 
fold operator products have not yet been solved. But I wish to stress that 
by using these latter relations we may obtain much more information on the 
scattering amplitude. As long as particles are contained in the state vectors 
we do not know, loosely speaking, whether they interact in a causal manner; 
this becomes evident only in the commutation properties of their interpo- 
lating fields. Finally, there is no difficulty in writing down corresponding 
formulae for particles with charge or with spin 3. 

To prepare for later applications I rewrite (18’). Introducing the relative 
co-ordinate #—y we may integrate over the remaining four-vector. Using 
the notation 


(21) (pki | Dhy,> = <p'ki,| pky,> + 2ot O(p + k —p'—k') Tp’, kh’, p, k) 
and 

(22) R’ A(a) A(y) = (Ce — m?)(O, — m2) R.A (a) A(y) 

we obtain easily 


<p’ |B’ A(a/2)A(— #/2)|p> . 


uv 


(23) se | d4a7 exp ee 


We may note that in this formula no assumption has yet been made on 
the character of p, p’. In particular we may take them as charged scalar 
particles of mass M («nucleons») in contrast to the neutral mass m 
particles k, k’ (« mesons ») and in this way obtain a model for meson-nucleon 
scattering. 

Finally, I derive with the above methods a formula which we shall find 
useful. 

Consider the expression 


(k + k’) 


xv 


(24) M= | d‘a exp <p’ |j(x/2)j(— @/2) |p», 


where j(7) = (L,— m?)A(#) and the states |p>, |p’> are one-nucleon states; 
i.e. p?>=p” = M*. The charged scalar « nucleons » are described by a complex 
field w(a). 

The reason for studying the expression (24) is that it is simply related to 
the imaginary part of the scattering amplitude 7. 

M is defined by (24) for arbitrary real vectors k, k’. We restrict ourselves 
to the case k+p=k'+ p’. 
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Inserting on the right hand side of (24) a complete set of intermediate 
states |/, «> with total energy momentum / and quantum numbers «, we get 


(25) M = (2x)* > <p" |9(0) |p + &, y><p + ky y|9(0)|p> - 
ue 


Let ¢,,(p’) denote the annihilation operator for an incoming nucleon with 
momentum p’. Then 
<p’ |5(0) |P+k, y> = <0] @,.(0')5(0) |p +k, y> = 
= O[[%i(P), HO) P+k y> if (p+ kh—p')=k?< mi, 


where m, is the lowest mass of a state with total momentum k’ for which 
<0|j(0)|k’> #0 (in the 7z-9 case m,= 3m). 
The second factor in (25) is 


D+k, y|j(0)p> = <p+k, y|3(0) 3(p)|0>= <p+k, y|[iO)pn(p)]|0> if ke@< mj. 
We apply now eq. (20’) which reads in momentum space 


é i eap Me hey) 
(26) [gin(P’)s HON) = oy | Ae exp Lip’e R’A(0)y(), 


to these expressions. If k?< mi; k’*< mi we obtain 


(27) ve 2a| dt, dtr, exp [ eee SS inf hla 2 Nip 


2. — Integral representations of causal commutators. 


We have seen that S-matrix elements may be expressed in terms of re- 
tarded commutators. Next, we determine the mathematical structure of such 
commutators which follows from local commutativity and the spectrum of 
the energy-momentum operator. 

Consider a matrix element of the commutator of two field operators taken 
between arbitrary states with total momenta P,Q, which are further spe- 
ecified by quantum numbers a, /, 


@8) <P, al[-A(a)BWy)}|@, By = exp i °F © w+ m1} 


<P, || A (FS) B (lle. p>. 
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Translation invariance has been used to obtain the right hand side. Ap- 
parently, it suffices to study the properties of: 


(29) jie) = <P, a||4 (§) #(—S)]l@.6> 
and its Fourier transform 
(30) , jig) =| aX exp Liga) fe), 


f(x) and f(q) must satisfy the following conditions: 


(31) f(x) = 0 for «<0, 
(a 2 
et Gore and (FF? +4) > Mi, 
(32) f(q) = 0 unless } or | 
Sa eee and Pye y> Mm: 


I+ denotes the forward light-cone. 
m, and m, are the smallest masses of states such that 


<P, a|A(0)|L,y> 40 and <h,y|B(0O)|Q, B40 
or 


CP, «| B(0) |, pose 0 and dle, y|A(0)|Q, B> £0 
(m, = Minv/2; m, = Mine) . 


While (31) expresses local commutativity, eq. (32) follows if a sum over inter- 
mediate states is introduced in (29). The contribution of the first term of 
the commutator to f(q) becomes 


[ovo exp tianir, «4 (3 5) B (— 5) \@. = 
= On} YP, a|40) 2 F2 4 g (20. ¢ 7) aoa 


This leads—together with an analogous treatment of the second term—di- 
rectly to (32), which we may call the spectrum condition. 
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Our problem is to determine the properties of f(q) which arise from (31) 
and (32). This will be solved by giving an integral representation which 
expresses all f(q) satisfying (31) and (32) by means of arbitrary weight-functions. 

To picture the support of f(q) we choose for a moment a Lorentz system 
with P+Q=0; (P,+Q,)/2 =A. f(q) differs from zero inside two hyperboloids 
which overlap if (m,+m,)/2<A. 


Ig] a 


(We assume always A >|m,—m,|/2, which is satisfied in applications). 

I discuss now an Ansatz for f(q) which gives a large class of examples 
satisfying both requirements . It can then be shown that this Ansatz gives 
in fact the most general f(q). 

Consider 
(33) Fla) =| de Ate, 24) Fle, 4), 


0 


where A(#, x?) is the usual invariant function with mass x. This Ansatz satis- 
fies eq. (31) for arbitrary g(a, x?). On the other hand it seems plausible (and 
can easily be verified) that any f(a) satisfying (31) can be represented in this 
way. In Fourier space (33) becomes: 


(34) f(q) = [ae arn €(Yo— Mo) O[(q — u*) — x*] p(u, x?) , 


with g(u, x?) arbitrary; it is essentially the Fourier transform of 9(«, ~*) with 
respect to z. We now have to satisfy (32). 
A point u, x contributes to f(q) only in points of the hyperboloid 


(35) (g—u)?— x27 = 0. 
We eall such a hyperboloid admissible if both its sheets lie entirely in that 


part of qg-space where f(q) does not vanish. This determines an admissible 
region S in u, x-space such that every point of S gives rise to an admissible 
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hyperboloid. S is easily computed to consist of the points which satisfy: 


Eee pater and Bea ey ils 


(36) 2 Pee er per or fe wee Ey rs ee dey 
> max; ee ea +u)i mV Pee =a). 


Taking g(u, x?) = 0 outside S we obtain by (34) functions f(q) satisfying both 
(31) and (32). The main result due to Dyson [3]is now that the converse is true: 


{ Any /(q) satisfying (31) and (32) has a representation (34) with 


181) | g(u, x2) #0 only in S given by (36). 


For the proof I refer to Dyson’s paper and to Garding’s seminar talk. 
The latter contains a rigorous mathematical treatment. Actually, it is shown 
in these proofs that one may restrict the representation to special weight 
functions g(u, #?) due to the fact that (34) is not a unique representation. 
For the applications we have in mind, (34) together with the theorem quoted 
in (37) is sufficient. Finally, we pass to the retarded commutator given by 


(38) F,(a) = <P, «|RA (5) 3 (— 5) 0, p> = 


=— 10(e.)<P, al]4 (5) B (5) 10, B>. 


Here we encounter the well-known difficulty that this is in general not a 
well-defined quantity since a product of distributions is involved. In a formal 
manner we have (q'= (q,, q)) 
‘dqo F(q’) 
F;(q) = sa | qi—4a ; im q, > 0 


and with (34) 
(39) B,(Q) =— 3. [atu [ae PO) 


(q—u— #2 


If the integral exists, 7.e., if (wu, x?) is sufficiently bounded in x?, (39) is the 
desired quantity. In general we may have to divide q(u, x?) by a polynomial 
in x* of degree ” such that a convergent integral results. Then, as discussed in 
detail in the quoted literature, F',(q) is defined up to an arbitrary polynomial 
in g of degree 2(n—1) and may be written as 


pe sped |e 2 L(q—) tml ee 
(40) = le nf ae [2m lq — wu)? 2] + Ren—v(Q) ; 


where m;* is arbitrary and R denotes a polynomial in q. 
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3. — Dispersion relations. 


Consider a scattering process such that 
Pah pk, 


where k, k’ are the initial and final momenta of a particle with mass yw, de- 
scribed by a field A(x); p, p’ the momenta of a particle of mass M described 
by a field (za). 

Charge and spin values of these particles are not essential for our general 
' problem. For definiteness (and for simplicity) assume that A(z) is a real 
scalar field («meson ») and y(x) a complex scalar field («nucleon»). It will 
be evident how to apply our formulae to other processes, e.g. scattering of 
equal particles (M = ju). Only in the case of production or annihilation of 
particles is a slight generalization necessary, as then more than two different 
masses will be needed (in y-x production: m,=0 besides w and M) in pro- 
cesses with two initial and two final particles. 

Our aim is to derive as much information on the scattering amplitude as 
is possible from general principles. To this end we start from the expressions 
for the scattering amplitude in terms of Heisenberg operators given earlier. 
As discussed, a formula like (18a) or (18a’) which expresses the amplitude as 
a vacuum expectation value of a product of four operators may be expected 
to yield more information than expressions where two particles are kept in 
the state vectors. 

So far, however, the mathematical problems connected with products of 
four operators have not been solved and we must content ourselves with (23) 
and (27). 

The scattering amplitude 7 is then given by 


(23) jae — [ave exp [ Lau 7 (p'|R'A (5) A (— 5) |p> 


2 


as the Fourier transform of a retarded causal commutator. Actually (23) 
defines T not only on the energy shell (k2= k’*= wu?) but (at least) for ar- 
bitrary real vectors k, k’. (We keep always the relations p+k=p’+hk’ and 
p= p= M"). 

It will be convenient to consider 7 for the case k2?=k’?=€. From inva- 
rianee under continuous Lorentz transformations it follows then that T de- 
pends on three variables. We shall use 


Peay ha? 
Lem e+e | AO Coal Sp Pa A 


4 p] 
(41) 
| oO = 


(k+ kVp +p’) 
2V(p +p’) 
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where 

W? = 20V A? + M? + 242+ M?+6, 
and 
_ (We Me — 0) — 4 IW? 


2 tent 
a 4W? ; 


and write T(w, A?, C). 
The scattering amplitude is given by 


(42) T(w, A*) = T(a, A?, pu?) OS = 695," V A? + ye? ¢ 


where the indicated range of the variables corresponds to the physical region 
i.e. to positive energies of the particles and real scattering angles. 2/4 is the 
invariant momentum transfer. In the center of mass system W and K are 
total energy and particle momentum while 
(43) cos § = 1 — 22, 
s 

is the scattering angle (note that K? > A?). 

The information we have on T(qm, A’, ¢) consists of (23) and (27). To 
relate the latter equation to T we observe that from (23) it follows that 


(k + k’ (2 , 
i a - | <p" ib (3). i(-3) Webs 


= }{ Uo, A, ¢)— M(—a, A?, 0)}. 


(44) Im T(a@, A?,G) =5 [ate exp 


In writing (44) we have made use of the relation (k+k’)(p —p’)=0. (The 
complex conjugate involves an interchange of p and p’). 

The odd property of Im 7 as a function of m depends on the assumed 
simple character of the particles described by j(#). If these have other quantum 
numbers (charge, nucleon number, ete.) the two terms of the commutator will 
in general refer to different processes with respect to charge, etc. ‘his does 
not change the mathematical problem. 

Our aim is to obtain all properties of T(w, A?) that follow from (23) and 
(44) in connection with eq. (27) which is valid if €< m{, with m,> yp in 
actual processes. In each case the information is that T(@, A?, ¢) or its ima- 
ginary part is a Fourier transform of a retarded commutator or of a sum 
over products of such commutators. This we can completely take into account 
by using Dyson’s representation. However, then we have the problem of 
combining the two representations for 7 and Im 7. This has not been done. 
Instead a less satisfactory treatment is made where it is not clear that all 
the information is exploited. 
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On the other hand one has usually rather definite conjectures as to what 
properties of the scattering amplitude are to be expected: i.e. one looks for 
dispersions relations and this amounts to the following question: Is it true 
that T(@, A?) is—for fixed A’—the boundary value of an analytic function 
which is regular in the upper half w-plane and is bounded there by a poly- 
nomial in w?? If so, we have a Hilbert relation between the real and imaginary 
parts of 7(w, A?) on the real axis and this is the dispersion relation. Then 
the further question arises: What statements can be made about the « un- 
physical region » o<»/A?+ yp? of a dispersion relation, where 7 cannot be 
determined by experiments? 

In general, the validity of dispersion relations depends ina complicated 
manner on the details of the mass spectrum and the value of A?. This may 
partially be due to the present rather unsystematic methods used. 

In particular cases (and this includes x-97 forward scattering) a disper- 
sion relation follows from (23) alone. The conditions are 


1) A*=—0 (forward scattering). 


2) The spectrum condition in (23) is such that matrix elements 
<p\j(0){l, y> differ from zero, apart from discrete values of /?, only for 
P>(M + p)?. 

Then also the unphysical region represents no problem. Of actual pro- 
cesses y-e, 7-9, m-7, m-H scattering satisfy these conditions. (If weaker 
couplings are neglected.) 

In this case it is not necessary to apply our general integral representation 
to (23). The derivation of the dispersion relation can then be carried through 
by a more direct and elementary method due to OEHME and SyMANzrk for 
which I refer to SYMANzIk’s paper [4]. 

Let us turn directly to the general case whei« in addition eq. (44) is needed. 
It was first treated by BoGoLsuBov, MEDVEDEV, PoLivANoy [5]. Then by 
BREMERMANN, OFHME, TAYLOR [6] who gave a proof under less restrictive 
assumptions on A? and on the mass spectrum. Both groups used functions 
of several complex variables to treat eq. (44). 

I shall use Dyson’s representation to evaluate (44), which simplifies the 
proof. For the first part, i.e. eq. (23) 7 follow BoGoisuBoy et al. However, 
it should also be possible to do this part by Symanzik’s method. As already 
mentioned, none of these treatments including ours is systematic in the sense 
that it makes use of all the information contained in (23) and (44). 

Choose the Lorentz system p+p’=0; p?= A® then 


| as (P; VA? + M?); b= (— p + ota o—C, w) 
(45) p= (— P; V A? + M?) <P cae ( p+ eV w? ey By «) . 
oe) ='1,Je*p'= 0. 
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(46) T(w, A?, £) = —[ave exp [tam — ie-xV am — A?—¢]- 
<—p|n'A (2) 4 (—5) p> 
(46) defines an analytic function T,(m, A*, ¢) of m and ¢€ regular in 
(47) (R,): Imw>|Im Vwo?—A?—C). 
With w=a,+io,, C¢=¢+i70, the domain R, is explicitly: 


@, >> 0, OS Cw, 
(47a) 


20,(@,— Save uices A?) <€,< 2, (@, + af =e). ee 


Take €=(,<—A?. Then 7 regular in Imw> 0, and if T is sufficiently 
bounded, the relation 


tf. Im Tw’, 4,6 
(48) P(w, A*, 6) == | do’ Ha ae Imo>0, 


follows. In general we may have to divide T by a polynomial in w (with no 
zeros in the upper half qw-plane) to obtain the necessary boundedness. 
Then, as before, we obtain a generalized relation which involves an arbitrary 
polynomial in w. I shall not now treat this in detail. (It seems very plau- 
sible on physical grounds that the scattering amplitude cannot increase with 
a high power of @ at infinity, so that actually the degree of the polynomial 
is restricted. However so far, it has not been possible to establish such a 
property from general principles. In the case of one-dimensional scattering 
SYMANZIK [7] has proved that this is true.) 

The real part of (48) is a dispersion relation, however for unphysical (nega- 
tive) values of ¢. By (44) we have 

+0 


1 1 ol 


pod T(o, A*, ,) = — |do' M(o’, A, &) las a+ of” 


27 


= 00) 


712 


Introducing JV 
obtain: 


, related to m’ as in (41), as a new integration variable we 


fo} 


ma a : 
(50) Tw, A®, Cy) = oe fawe man, (A, Cae 
ue 


1 i 
|W? 2 _ IP, 2oV/A* 2 |W 2A M6420 0 


I 


1 


es ee 
‘ 


1600 


SCATTERING MATRIX AND FIELD OPERATORS 169: 


The lower limit Mj} is determined by the fact that W’ is equal to the mass 
of intermediate states in M(W”, A*, €,) (compare eqs. (25) and (44)). Hence 
M, is the lowest mass (1/72) for which <p|j(0)|l, > 40. Frequently, the lo- 
west contribution will come from a single-particle state. (In the x-97 case 
there is a discrete term—the one-nucleon state—at W’= M, followed by a 
continuum which starts at W’= M+4u.) 

Following BoGotJuBoy we show now that a dispersion relation for the 
_ Scattering amplitude (=?) follows by analytic continuation of (50), if 
M(W”, A?, €) has the following analytic property as a function of ¢. 


(51) { For real 42 >0 and W” > MG, M(W”, A®, ¢) is an analytic function 
| of ¢, regular for Re € <2 in a neighborhood of the real axis. |Im ¢|<6. 


This follows by noting: 


1) If (51) holds, then (50) defines an analytic function T,(m, A?, ¢) of 
wm and ¢€ regular iu (R,): 


(Ri a<w, |Gl<d, [bi<20VeF HE. 


HoErc real and ¢<— A?, Ti(w, A*, CT) = 7, (@,. A’, 6). 


2) lim Ty(o, 6, 4) = lim T,(o, ¢, A) if 
2 2 
E4(@2) >0 


a |f2(@2) |< min {6, 20,7 A? + MP}; GS ue 


3) The boundary value of 7, for €=p?, w,->0, 0,>V A+ we is the 
physical scattering amplitude 7(m; A?) defined by (46). This is true because 
_ this boundary can be reached along a path which lies in the intersection of 
Rk, and. A, . ‘sire 's 

Take w,> VA2+ 2, @, > 05.6, = pv 


[ |t.|< Min {6, 20,/ A? + M?}, 
(52) 


20.(, Vw? - fete) <0, < 2a,(a, 4 Vee ok ae Ate 


This allows a finite interval for ¢,(@,) in which to approach the boundary. 


Analytic properties of M(W?, A?,¢). - Our remaining problem is to estab- 
lish the analytic properties of M as needed in (51). 
Let us go back to eq. (27) and introduce Dyson’s representation for the 
retarded commutators appearing in this equation. 
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The corresponding unretardec commutators are 


/ / 


— |e 
i = a, i pms <0 


.(#:\ ,[— ay j 
i (2) 1( 7 Jn +k 
* Ls * Vy 
os ent f()r(-3 
where f(#) = (U,— M?) y(a). 


To each commutator in (53) corresponds a weight function ,(u, x, p-+-k) 
which vanishes unless 


(53) fave d4a, exp 


[0 , 


he he, 


p+k 
+ yet ; 7% 


2 


| a 


> maclt; a) OE) 


ad 


where m, and m, are determined as in (32). (For the 7-9 case, m,= 3p, 
Mm, = M+.) 

These individual functions y, are then multiplied and added according to 
(53) to give an overall function, 


(55) (Uy, 15 Uz, X23 P+k) = » P(A» 15 p+k)p, (Us, %, pk) , 
3 


which satisfies the support condition (54) in each pair of variables u, x sepa- 
rately and is a real, invariant function of the four-vectors u,, uw, p+k (we 
may restrict m to be real by taking the real part of (55); (an imaginary part 
does not contribute to the real quantity M which-we represent). Also m has 
to satisfy a positive definiteness condition, as follows from (55). However, 
we shall not use this property which is related to unitarity. 

The representation for M(W?, A2, ¢) follows then from (53) by going over 
to retarded commutators, 


dy db dxji dx pu, “15 Us 5 Ho 5 Pp ae k) 
— p’)/2) — w,)* — x4] (((& — p)/2) — te)? = x] 


(56) M(W2, A, 2) = ee 


In general, M will not be bounded enough for (56) to hold in this form. 
However, the introduction of polynomials (as in (40)) does not change the 
analytic properties we are interested in and for this reason I continue to 
discuss (56) as it stands. 


1502 


SCATTERING MATRIX AND FIELD OPERATORS wei 
To evaluate (56) take the center of mass system, p+k=0. Then 


(57) M(W?, A?,¢) = 
"k Ay Au, dj Axes —p(Wio) Wis %i, UrUs/(| ty || U2|), W) 


| (F : = tia) — x, —{ te’ — uy (ea 1 ux) ee Tes uy) 


Further, introduce polar co-ordinates such that 


r= Ki, 0, 0) ; U, = U,(COs 7, Sin ?,, sin g, sin },, cos H,) 


k = K(cos@, sin %, 0) ; tly = Up(COS YF, SiN H,, sin ~, Sin #,, Cos a) 


and use y=, and x= 9,—q, as integration variables, 
al 
Sa K? 
P43 
eee du, dx; [aaja 4{ao, P(t, Ur, %7, COS & Sin F, sin #,-+ cos #, cos 3, W) 
0 


[a,( (C) — cos (& — 4) \[#2(C) (C) — cos (y—a)] ie 


where 
n,(C) Kt + uy t+ 4 — (too + ((2? —0)/2W))? 
AG) = , 2Ku, sind; eer 
soalairas Mic) —4m*yW 2A? 
2 uss. . vo ee Sead 
K ne ; cosd i Ke 


Next, we may carry out some of the eeratiods : in (58). By a change 
of variables 
/ . 
U, = U; Sin D, , 


Le eA 2 
West = bins 


we eliminate #; from the denominators. These variables remain only in gm and 
their integration results merely in a new weight function @(u,», u;,%;, cos %, W) 
The range of wu’, x’ is again given by (54). Moreover, we integrate over y with 
the aid of 


22 


1 i 
Pp?) fax [a, — cos (#— y)] [a,— cos (y—a)] 
w,|/(Vai —1) + 2,/(V23 —1) 
== 274, + — —, 
242, 4? — 1V 2? — 1— cos (@— a) 


, 
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Hence, 
27 
(60) M(W, A’, £) = [aun duc det| dal Wis X4, COSA, W)- 


0 


Iwi) + lve 
YWrY2 + Vy; te Vy — K? — K* cos (8— a) 


with 


K+ ui + 44 — (win + UP—D) /2W)? 
Qu; : 


fi 
As follows from (54) the variables uj, u,;, %; vary in 


WwW 
0<u<—; Uhs|| = — lh 
2° 2 


x > Max Jo pide yz to) — a5 Ms — We — u) — w| : 


From, (60) we may expect that M has analytic properties both in ¢€ and A? 
since the dependence on these variables is completely contained in the second 
factor. We may restrict ourselves to real A? > 0 and essentially also to real 
€<wm?, since we need only a neighborhood of the real ¢-axis. 

According to (60) the function M(W2, A?, ¢) will have singularities if 


(61) 


1) yi Oe 


2) Y.+ VY — KeV/y — Kk? — K? cos (F— a) = 0. 


We have to discuss whether the points ¢ < ~? on the real axis are regular 


points. 

For real ¢, y;, K? (which may be negative) and cos ® are also real. Cal- 
culate first the minimum value of y?— K? if wi, u;, 2 vary over the re- 
gion (61) and ¢<yp?. The result is for K? >0 


5 2 — 2 — M?) 
63 Minty) = ee ee 
( ) in LY } Wes (m, ee3 Mz)? 


w 
VV 
= 
= 

“ 


Therefore the first singularity in (62) does not occur if m, > fh, Mm 
Ww? > (m,—m,)?. This is satisfied in all applications. 
Consider now the second singularity. 
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Solving for cos# we get 


(64) K? cos? = Y cosa + iV Y?— K‘ ging, 


where 


Y=yyt+V—K?Vy— Kk. 


If K? > 0 we have shown already that yi > K? and in fact y,>0 as is 
easily checked. We shall see in a moment that a necessary condition for our 
proof is that y;>0 also for K? < 0. 

If this is satisfied, then Y>0, Y2 > K* and (64) can be fulfilled only 
for sina= 0. 

Then singularities can occur if 


¢ 
K+ cos = K*(1 = 


Because of Y >| K?| only the minus sign is possible. Then (65) can be 
written: 


(66) At = 4(K*+ Y) = HE + n+ Vyi — eV yi — BP}. 


The values which the right-hand side of this relation takes on if the para- 
meters vary will now determine the allowed values of A?. The minimum value 
of the r.h.s. (its maximum value is oo) determines the maximum value of A? 
for which the dispersion relation can be proved. If y;=—0 is possible the 
r.h.s. vanishes and we cannot, even for forward scattering obtain a disper- 
sion relation. 

We have 


A? = $ Min{K? + yy, + Vyi— K2 Vy} — EK? = 
= + Min{K? + 2y?— K?}= Min (y*), 


this gives 
(mi — w2)(m? — M2) 
a ies rs 
(67) A? = K? + wis Ge a 
where 


ce LW (m + pw)" W? — (om — "I 
+2 4W? " 


_ From this relation we can calculate the maximum allowed value of A? by 
taking the minimum of the r.h.s. with respect to W. The result depends of 


1605 


174 H. LEHMANN 
course on the process we consider, i.e. on m,, m, and the range of W. For 
m-9 scattering: 


Mm, = 3p, Mm, = Mu, We>M+u 
(where w and M are pion and nucleon mass) the result is 


8 2M + pu 
Mipee = is 
SEL : iw ea be Mae 
As another example, consider 97-97 scattering. In this case the relevant 
masses are easily shown to be «= M (nucleon mass), m= m,= M + m, and 
W >2m,,. (67) leads to 


W? m2(2M + m,)? 
Pasa ee OEa (Ea oy as Rae ee 
(69) A 1 + we 
with the minimum 
(70) A? = m,(2M + m,) — M?. 
This is positive only if 
lod Mrz ry 
(71) a el 


and only if the ratio m_/M satisfied this condition could we prove a disper- 
sion relation for forward 97-97 scattering. 
Our discussion is still incomplete in several respects. 


1) M(W?, A?,¢) will in general have contributions from one-particle 
states as is evident from (25) or (27). It is convenient to separate these terms. 
from the continuum, since they are of a particularly simple form. 


Take our model of x-9 scattering. There is a contribution from the one- 
nucleon state with W?= M2. Write 
(72) M(W, An ¢) 7a M,(W, A?, ¢) at M,(W, ry ¢) ’ 


where M, is the one-nucleon contribution. Actually, this does not depend 
on A? since it is a single term in the sum over states in (25). (72) induces a 
corresponding division of the weight function g into two parts, p=9%,+q, 
where according to (55) gy, is of the simple form 


(73) Pilly %1) Us, 4, pk) = PrlUy, 15 p+k) py (us, %, p+k). 
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This term is very easy to treat since it does not depend on the scalar pro- 
duct u,u,. 
Instead of (60) we obtain for M, simply 


AU ig Ay dx p(Ur0, Us, ae W) P12 (M205 W>, 235 W) 
Lyn Ah ya — KA 


(74) -M,(W2, ¢) = | 


We know already that y? > K? so that there are no singularities for € < y?. 
On the energy shell (¢ = wu?) M,(W?, u?) becomes simply 


M,(W?, w*) = g?- 0(W?— M*), 


where g? is (apart from constant factors) a conventional coupling constant. 


2) In non-forward scattering we always encounter a non-physical region 
in the dispersion relation integral corresponding to values w’< “/ At+ 2 in 
(49) or W? < (V A+ Me 4+V A? +2)? in (50) where the integrand M(W, A?) = 
=2ImT(W, A?) has not yet been expressed by experimental quantities. 
This can be done[8]if—as in z-97 scattering—there is no unphysical region in 
forward scattering, i.e. we have for the contribution from the continuum of 
states W”? >(M-+4)?. 

Consider eq. (60) on the energy shell €=y?. We are now interested in 
the dependence on A?. Since y; and K? do not depend on A? we may simply 
introduce 


7 bat VA Kk Vy — 
Ma a 


as a new integration variable. Then 


(76) M(W, A) = de| da 


Zo 0 


@D(z, cos a, W) 
z— cos (# — «) 


] 


where 


2(mi — b)(ms — m*) 
K* |W? — (m,— m,)*] ° 


%@=1+ 


From (76) it is clear that M(W, A*?)—which is the imaginary part of the 
scattering amplitude—has analytic properties as a function of A? or 
cos ¢ = 1 — (2A?/K?), 

M(W, A?) is an analytic function of cos#, regular in an ellipse with 
foci at +1 and with semi-major axis 2. This includes the physical region 
-1<cos#?<+1. 
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Then the partial wave expansion of Im7=2M(W, A?) 
(77) Dri CWA, 2} 


converges inside the ellipse. In this way we may in principle first obtain the 
coefficients C,(W) from the physical amplitude and then define the unphysical 
region by (77). It is easily checked that this definition is valid in the entire 
interval. 


3) Collecting these results we may finally write the physical dispersion 
relation as it follows from (50): 


af ail 
(7 DIN fe a } 
(78)  ReT(W, A) =g - Ce ee a 
\ 1 12 / PG i] ae ae 1 —— 
+ =P{aw im £0) A)" gaa + aa 
(M +p) 


As mentioned before a generalized relation is necessary and is derived 
under the same conditions as before, if the scattering amplitude is not suf- 
ficiently bounded. For these cases I refer to the quoted literature. 


4) We have not considered the vertex function and two-particle pro- 
duction amplitudes (y-z production). 
Several authors have investigated the vertex function. The case of y-z 
production was treated recently by OEHME and TAYLOR. 
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We consider a field theory in which the equations of motion are known 
and we look for the algebraic tools to handle these equations. The particular 
theory to which we shall refer is electrodynamics. 

There are two algorithms, which we must consider: the pfaffians and the 
hafnians. The pfaffians, well known since a long time, appear in a natural 
way when we consier fermion fields. Correspondingly, when we consider a 
boson field the appropriate algebraic tool is the hafnian which has been intro- 
duced for the first time in connection with this kind of problems. 

Let #,, ®,..., ©, be the elements of an algebra. For them we define 
two different kinds of product 

(Grassmann algebra) 


(1) Ly /\ Ly = — Ly /\ Lp, (iA 2, = 9); 
(Clifford Algebra) 


{2 Ly [\ My = — Ly An + 2x (@%, At, = A). 


1. — Determinants. 


Let 


h 


(3) WO, = > Ani 


t=1 


be a linear form in the elements 2; (i=1, 2,..., 1). 
We are interested in finding a convenient expression of products like: 


M,/\\@o - 
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We have by virtue of (1): 


yp yy 
Xo, Agz 


Ui /\X; . 


0,/\O, = = Oy (May @/\L; = > 


ixi i<j | 


We see that determinants have been introduced in a quite natural way. 
In the general case of products like: 


IT = 0,/\\@q+-A\@r y 


we have, by an easy extension, using the Sylvester’s notation for determi- 


nants, 2.€.: 


Wie - Oy, os Ee, 
1 a k Oey Oo; Ooi 
1 2 k 
(4) x = 
Oe Os OF 
Xie, Hei, ore One, 
1 2 k 
Re hae, : 
IT = » ( 5 A L; /\W; Nearer Cle = 
§ a 4 a 2 k 
t)<tg.. th 1 2 Ziaie k 
PPE 1 2 k 
; i. 
Sit Ss , ; » | Li ANG A+ Vi, - 
Ce aes Oo) etree tee 
If k= n there is only one permutation i,=1, i,=2,..., inn possible and 
we get: 
e ou n 
(5) Di N@Dagnsaey NO pte siete FS DNS ING wmasia rice 


Eq. (3), (4), (5) could be used in order to define determinants, and all theorems 
about determinants could be deduced immediately by them. 

For instance, one could prove the following expansion of determinants by 
minors of the rows 1 and 2: 


1 neh ea (| ONS aan , 
= ye 
( De 4 DF ay ae ee he: 


i<t, 


Peer 


where p is the parity of 7,, i,,...,7, with respect to their natural order 
Vas nN 
Seem itis 
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We have: 


Wi Ox en /NOn = (My /\.@a) A (Wy /\-:- On) = 


oe SF Paw 
= > 6 i) A |= ( * A x;,/\ con Av = 


I<it, tee 
1 ovata 
ay (NP ee Ty Nog coe ee 
Au On. ONE AWIR™ gee UE 
hee in 


By comparing the last expression with eq. (5) we get the. result. 


2. — Pfaffians. 


The pfaffians can be introduced in several ways: the most useful are the 


following: 
Start from a quadratic external form: 


n 
1 > OnLy /\ Lp = > Ln~Ln/\ Vx y 
k= h<k 
with: 
Ane = — Aun - 


Its (Grassmann) powers are: 


QAQ..AQ = (QO) . 
We consider (2)?/\: 


QVQ=D Dd Hp %nn Lr, NV AG, AL, = 
hy<hy Ngily 
= 2! > (On nnn, oars On nnn, = On %n,n,)&n, /\ Ly, /\®n,/\ Ln, F 
hy <hg<lig<ly 


From now on, when h<k we shall use the notation «,,— (hk). 
Therefore: 
Q\Q = 2! Y [(hyhy)(Iegha) — Meals) (haha) + (Ih) (igh) Jr, \ oA ar, 
hy <Itg<hg < hy 
= 2! > (hyhghsha)Xn,/\ n\n, \8n, 5 


hy <hig<hg<hy 


where we have introduced the symbol: 
(which we shall call pfaffian): (1 2 3 4) = (1 2)(3 4) — (1 3)(2 4) + (1 4)(2 3). 
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Therefore in the general case the definition of a pfaffian will be given by: 


(6) (Q), =U DS (Aalte .-- hai) Hn, A Dn, 0 Cn 


ly > hig.» <heot 


. 
at 


For n= 2m the maximum value of lis m, because the Grassmann product 
of two equal elements is zero. 

For the same reason when n= 2m-+1 hte maximum value of / is m. 

In order to find the expansion rule for pfaffians we apply the definition (6) 
and we get in complete analogy with the case of determinants: 


(7) (1 2...2m) = ¥ (— 1) WYO... 4 —1), 1. 2m). 


At this point it is convenient to represent a pfaffian as a triangolar array, 
that is: 


(1 2... 2m)=|(1 2V (3) stk Bn) 
(2 3) v1 (2 2n) 


(20 1/25) 


In fact a pfaffian (in analogy with a determinant) can be expanded by 
the elements of one of its lines: «line h» is that one, in the triangular array, 
which contains all the elements carrying the index h, regardless of whether h 
is the first or the second index. The element (hk) belongs to the lines h and k; 
crossing these lines out, what is left is a new pfaffian, the « minor» of (hk). 
The rule for the expansion is then: « A pfaffian is equal to the sum of the 
product of each element (hk) of a prefixed line by its minor, each term in the 
sum being given the sign (— 1)***+1». For instance if we fix the line 1, this . 
rule leads to eq. (7). 

By repeated application of eq. (7) we obtain: 


(1 2 2, Qr) eS” (— PGs DA Gartgh cer (lean eae be 


>’ means here, and throughout the following, summation over all the permu- 
tations 7, i, ... 4, of 12...2n which satisfy the limitations: 


1 << Ve Ver On wee Oh pc Vin Qa << In dp eee << One s 


A fundamental theorem on pfaffians (that we will not prove) is the 
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Is] 
following: 
0 (272) ee) s..'  (15 Bat) 
— (1 2) 0 (2 3) 
—={1°3) .— (23) 0 ; == (a2 nue 
11d 0/1) ea a ee A ee 0 


Exercise 1. Show that if (hk) =—(kh)then (1 2...2m) is antisymmetrical 
under permutations. 


Exercise 2. Show that: 


Peon Ses 
Een 2m) Qm Key Ity «+. Kem 


—])ym2 ~ h h eee hin 

( ) — 1) phLr.| ; 

where p is the parity of the permutation kk, ...k,, Nyhy...h, of 12... 2m 
3S 2m 

and Ss is the sum over all the ot permutations such that: 


hye he ae oe Len (eres cdl lence 
Exercise 3. Consider a product of 44 matrices: 


P,P, Kets) e's 


where P,=y"p)) and y“y’+ y’y" = 26". 
Show that: 
PSEC alg teil any) de cae yy 
where (hk) is the scalar product pp”. 
If we count how many terms there are in a pfaffian we find: number of 
terms of 
(2m)! 


2) ... 2m) = (2m —1)!! = ——— 


Now we state (without proof) the main theorem about pfaffians. This is 
an extension of what we know about determinants. This theorem which con- 
tains as a particular case eq. (7) is expressed by the following identity: 


(7-bis) (1 2... 2m) Be ee Y (—1)(h yh oe Be)” 


r=0 Cy 


; Vidi tet 
(3 lh Pes r) sa 
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where the expansion is made with respect to ¢= 2r-+s indices k,k,... k, ax- 
bitrarily chosen in the pfaffian. 
(Of course s+ 2t-+ q = 2m) 


2m — : 
> is extended to all the bal 5 ‘) permutations: 


kik poe Be Week, eens 


of the indices k, k,...k,, and 


q? 


Of the indices lft, 2 laneu 


3. — Relation between Grassmann’s algebra and Clifford’s algebra. 


The relation between the two algebras is given by the following formula 
which we do not prove: 


{k/2] 


(8) Dy |N@s {Neo \ Oy = > > (—1)?(Ayhe ... hor )Or, A Oi, ++ On, 


T=0 ¢, 


or“ 


where (hyh.) = >, %ne%n,¢9 ete.: 
AE US de © Lio aa 


is a permutation of 1 2... k with parity p; 
> is extended over all such permutations with fixed r. [k/2] is the highest 


Cr 


integer contained in k/2. In the case k=2 eq. (8) gives: 
,/\\@, = (1 2) + a,/\o, . 
This formula is essentially analogous to Wick’s theorem on field operators: 
T(AB) =: AB; + N(AB), 
where : AB: represents the contracted factors. 
The Clifford product that we have defined is just the kind of product 
which appears when we consider creation and annihilation operators of the 


Fermion field. Therefore determinants and pfaffians are the appropriate mathe- 
matical tools for the Fermion field. 
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We can define forms in the elements 7,2, ... 7, with the rules: 


Ni selh 
h=k 


Vy ia) uy, = = II i 


and 
Ly La Ve [2 hz~k 
Ly, Tl Ly, = iu 


which corresponds to Grassmann product and Clifford product respectively. 

Entirely similar results can be obtained from these commutation rules. 
And the only difference will be, in all the cases, the change of the sign — 
into +. In this way we will obtain the appropriate mathematical tools for 
the boson field. 


4. — Permanents. 


The counterpart of a determinant is a permanent. A « permanent » is quite 
similar to a determinant, the only difference being that each term of its de- 
velopment is taken with + sign. It is well known that the antisymmetrized 


_ product of N, wave functions uw”, wu”... uv? is the determinant: 


u“)(%,) UR Te re ee Bagge 20 Oe 


| ) 
UY ‘Ye 2. yo u-(a;) W2(a) -...., Way) ) 
1 2 Ny , 


(9) 


| u%(ar,) Mee Sa) wes u(y) | 


with (uk) = u(x,) and the symmetrized product of P, wave functions is 
the permanent: 


2a aa Re ale 8 
Biebect). to. pith . (#1) (2) («,,) 
(10) = | ea) _ Cay) a nn. 2) (5) 
al 2 cee Wr 
aria) 2M aGy oe 20a. ) 
| Po Sg 


with [2k] = 2(a,). 
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5. — Hafnians. 
In complete analogy, the counterpart of a pfaffian is a new algorithm that 


we will call a hafnian. 
We define a hafnian with the formula 


(11) [22 2a) = Str tall teal ee ene taeh a 
Square brackets are used, consistently, for permanents and hafnians, round 


brackets for determinants and pfaffians. 
For instance, for n = 2, eq. (11) gives: 


[1 23 4] =[1 2][3 4]+[1 3][2 4] +[1 4][2 3]. 
The triangular array is useful also for the hafnians: 


eee ee bees eeciaeee i, Be 
[2 3] [2 , 2n] 


[2n—1, 2n] |, 


6. — Application to electrodynamics. 


We wish to show how this formalism leads to a compact expression for 
the n-th order term of the perturbative expansion of Dyson’s S-matrix. 

In electrodynamics, with the usual meaning of the symbols, we have the 
expansion of Dyson’s U matrix (in the interaction representation): 


ty ty ty 
© jn N 
UG, => sy fate ate -- [ase Tr (TI Pa, (Pi) Pp,() Ay, (ws) yAtp,) . 
n=0 ti=1 
t; t; t; 


We want to find the transition amplitude between final and initial states 
\f> and {ies 
Let us calculate first the vacuum-vacuum transition amplitude: 


Dp =|) =|0>, Mo = ky) =<0|U|0>. 


In the interaction representation the fields A and y commute. Therefore — 
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we have to evaluate separately: 


F=<0| T~,,(%1) Pp, (%1) Py,(H2) Pp, (We) -++ Pay(Lx) Pay(Ly)) |0>. 
B= <O|T(A, (a,)A,, (a) «.. 4, (y)) 9 « 


Us 
> 


We start with the calculation of B, Call, for short, [] the product 
A, (%)A,,,(@2) ... A, (@y). Wick’s theorem states that: 


(12) TOT = ia) HS Ts 5e g 


where J/“” denotes any of the values /7 assumes when h pairs of operators 
are contracted, and > J/®” denotes summation over all such values, for given h. 
It is then immediately seen that the only term of the expansion (12) which 
contributes to Bis the term with all the A, are contracted, ?.e., with h= n/2. 
Therefore we see that only terms with even » will contribute to the pertur- 
bative expansion. 

Then 


(13) Bee Seles, 
By comparing eq. (11) with eq. (13) we get: 
Be fl 2. Zn, 


where [hk]= <0|\7(A,, (a) A,,(®%)) |0> = $0, ,, D p(n — Cr) 


Denote now the product of the operators of the fermion field by: 
Pp = 123... 2n =, (€1) Wp (1) Py, (Ln) Wp (Ln) 5 


where h= 2(h)—1 stands for the operator Yar (Cm), N= 2(h) for YP o.)(Fav) 
i= a2, ..., 2). 

We denote with («) the maximum integer contained in (%-+1)/2. 

In the same way as far the case of the boson field, we get: (remembering 
that :py: = py: = 0) 


(14) B= (1 Qare 2H); 
’ where: 
[ (hk) = 0 for h, k both even or both odd 


| (hk) = $9 cryatm (Ta — an) for h odd, k even 


(hk) = — 480 .).(@—%a) for h even, k odd. 
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If we use the fundamental expansion theorem (7-bis) we can see that be- 
cause of (hk) = Ofor h, k both even or both odd, the pfaffian reduces to a 
determinant. 

Collecting all the results, one finds: 


es) j2n 
(15) ko = Muy = >, ea | > Vonbs 


n=0 O18 (4 


er 
4 2 an 1 2. 2H. 
[a n) > ere & 2 eee a [ ‘ 


Py OonBonVen 


This formula gives automatically the contribution of all Feynman diagrams 
without external lines. 

For instance, in the fourth order, expanding the determinant and the 
hafnian one obtains, among many other terms, 


au > fae > 2 | > v4 (1 2)(2 3)(3 4)(4 1) [1 2) [3 4] 


which clearly gives the contribution of the graph: 


A remarkable feature of expansion (15) is that the contribution of fermions 
is separated from the contribution of bosons. 


7. — The general perturbative expansion. 


So far we have obtained the perturbative expansion of k,, #.e., <0|U|0>. 
In essentially the same way, it is possible to obtain the element M,, of the 
U matrix which describes the process in which 


n electrons, mn positrons, a photons 


are destroyed and 


p electrons, q positrons, b photons 
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are created, in states specified by some prescribed wave functions. Clearly 
n+q=m-+p; we call N, this number, and set P, = a+b. 

We will give, without proof, a general formula which expresses M,, in 
terms of the wave functions of the initial and final states (with the due pro- 
perties of symmetry and normalization) and of a «kernel», whose form de- 
pends only upon WN, and Py. 

Let u,(”) (C= 2, %, 23, %) be the wave function of an electron, v,(#) 
that of a positron, C(t) (t=t,, t, ts, t) that of a photon. (These functions 
being solutions of the free fields equations). 

The adjoints of w and v are: 


i thar =a yan 
The normalization of the spinor field is such that: 
[aceweceynte) ha [ercorteroce) =a 


and also the C(t) are normalized. 

If now we want to describe an initial state with t, photons in the state 1, 
t in the state 2..., t, in the state «, we can write the permanent (from now 
on, we shall use a short relation, neglecting all vector and spinor indices): 


aul 1 oe a Cu 
as ; 


wat ola oy VN te: ty Got, 


(16) | = Plhits-.t,); ~ 16% | = Cot). 


For final photons we have (o, photons in the state 1’, etc.): 


9? eI 1 at. ee CO, ce) 
og _——— ee 
Vila. tel! 


| a P(tatrs Tata + tp,) : 
titi late + tp, 


Proceeding in the same way, for the initial and final electrons and positrons 
we get the determinants: 


L (fu) a ... um 
Yn) = 


(18) VE rYo 5. (uty) — us), 


ASV NN\Yr Yo oe Yn 
Al yh) wy) o. qm) 
(19) WPS (0 Le v0 Lm) = —— . (va,) = (a) , 
‘ “in| \OE Wa ccs By, J 
LE fae ee 1") 
(20) "(Ln r i )) ) 
FY ml mre 3 A, — ; 
; Vp! Lmti Um, ++ Oy, 
1” (98) oe 0a? 
421 pos mie a , 
( ) Pe (Yes Ynve Yx,) vq! Yn+1 Ynte sine YN, 
oa 
s 
- 


wer 
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(The adjoints y are defined by writing in the Slater determinants the 
adjoints @, 0 of the single-particle wave functions wu, ¥.) 

We can finally give the result in the desired form. Define a kernel as the 
function: 


HH... Ly 
(22) K( ee a Ealeee i] = 
YrYo +» Yn, | 


a ; te £. tie 12 SS ., 
= di dN ¥ : bits <actip anion 
hey 2 | dy jake ee aes He J, 


where } means summation over all the values of N having the same pa- 
N(Pp) 
rity as P,. 
Call ©, the product of (16), (18), and (19), ®, the product of (17), (20) 
and (21). Then we can write the matrix elements M,,(t,%) (t and tT are 
times) as: 


LL ... Ly, 
(23) M p(T, T) = ea ne ; tt, ... tn), 
YrYo ++» Yn, 
where C,, is simply a numerical coefficient and the integration is performed 


over all the variables 2... %y, Y1--- Yy,) t--- tp. In the symbol i is included 
a time average, which we introduce in order to avoid the adiabatic switching 
on and off of the charge. For instance if w is the wave function of an initial 
particle: 


n~ 


the w(a ¢) = lim ween [tne 
© T) + 


Formula (22) gives all the contributions of all Feynman’s graphs with N,> 
external fermion lines and P, external boson lines. 


8. - Two particular cases. 


We treat briefly the cases in which only the boson or only the fermion 
field is quantized. 


1) Boson field quantized. In this case the bosons are in interaction with 
a classical current j,(7); the perturbation expansion can be summed exactly. 
No determinants appear in the expansion but only hafnians. For instance 
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ye a 


ae Pe a ee Ee eS OS Oe Ge OR 
batige ee < ane se eae ‘ 
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the vacuum-vacuum probability amplitude is given by: 


as rif at fa (2n) > 5(1)9(2)...j(2n)[1 2... 2n] = 


> Ga 


BS eee [fan d2j(1) [1 213¢2)] = exp Ff a2 j(1) D(1 — 2)4(2), 


which is Glauber’s result. 


2) Hermion field quantized. In this case no hafnians appear in the ex- 
pansion but only determinants. For instance the scattering of one electron 


by an external electromagnetic field A(#) can be described by a kernel K (") 
whose perturbative expansion is: y 


a (t\ AY 12... Na 
25 => — Sn Ag) sa09f AA ; 
od k(") Bate fax zr od aoa ibe ees 
This is just the Fredholm expansion and it is well known that: 


(26) & (") = (ay) — 2 | (w1) "A,(1) & (,) . 


where 
Leet Vy 
lu 
Ko =F Ff Z—-[aw Eyl) .2 A(T” 5) 


(the usual notations are K () / ree om) ; 


8. — Branching equations. 


Eq. (26) can be deduced from the expansion (25), and eq. (26) is just Fred- 
holm’s equation. We want now to deduce from the general expansion (22) 
all possible equations among kernels corresponding to different values of N, 
and P,. 

These equations can immediately be obtained by expanding the determi- 
nants by rows and columns, and the hafnians by lines. 

We give here only two examples of these equations (it would be easy to 
‘write down all possible independent equations): 


(27) x(") a Key) —2] dl y1(a1)K ( 1), 


(28) k(t tt) = (ht) K | ) +a] Say [ty nK(T 1) 4). 
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We see that eq. (27) is similar but not identical with eq. (26). And in fact 
this theory is more general that Fredholm’s theory. 
There is also another set of equations; which we can derive from eq. (22), 7.¢., 


dO aa i i. snare 1 
29 he PANU est. eed) = dl yik ore delat aes cent sculls 
Sad da iC At Yo be Vertes, 2 ? Wf ey ge VAS oe 


Instead of (29), in the Fredholm theory we had: 


(30) eek, on) = | aK (® ra : 
GA Ne Be. Wa Ys ose Unvl 
Formula (29) plays an important role in the study of renormalization. 


We want now to show a simple total graph interpretation of the branching 
equations: for the eq. (27) we get the graph: 


b-[o- 


The total graph interpretation of eq. (28) is: 


x 
I; 
\ 
y 
x by x ne x 67 
ne | ws 
“a | 7 
pa | 
| 
SS | < 
are \ ~ 
y fos y It, y os 


Finally, let us say a few words about the renormalization and the con- 
vergence of the perturbative expansion. 

It is possible to show that if the concept of integral is suitably redefined 
(in a way which is analogous to Hadamard’s partie finie) then it follows auto- 
matically that the formal, unrenormalized theory, becomes ipso facto the re- 
normalized theory. Any such prescription—infinite choices are possible—can be 
proved to be equivalent, (to within additional finite renormalizations), to the 
formal use of counter terms. . 

Of course, nobody knows whether the renormalized expansion converges 
or not. It is interesting to notice, however, that if we take a non-singular 
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_ theory (4-integral volume 2 finite); |(vy)|< M; |[xy]|< Z the perturbative 


"al 


expansion has a finite radius of convergence. If, further the number of free 
modes of the field is finite, then it can be proved that the radius of conver- 
gence of (22) is infinite, and everything works as in the Fredholm theory. 
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1. — Definition of a field. 


(For a more complete discussion see A. 8S. WIGHTMAN: Problemes Mathé- 
matiques de la théorie quantique des champs. Hectographed notes on lectures 
obtainable from Ecole Normale Supérieure, Laboratoire de Physique, 1957). 

We first discuss the characterization and properties of field operators A(z). 
From a physical point of view the really significant quantities are A(f) = 
= [A(@) f(z) dw where the test functions f(#) are smooth and vanish outside 
of some region. From the example of the scalar field we see that the only 
reasonable physical assumption about A(f) is that it must be, in general, 
an unbounded operator. There are some vectors for which (A(f)p, A(f)~) = oo. 

A common domain D of all A(f) ought to exist satisfying: 


1) YW, (physical vacuum) ce D. 
2) A(f)DCD, i.e., A(f) applied to a vector in D yields a vector in D. 


3) D must be Lorentz-invariant, 
UG, A\Dic Di. 
The field itself has the transformation law 


U(a, A)A(f) U(a, V4 5 he = A (fea, 1) ) 
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with the following transformation property of the test functions 


fia. ay(@) = f(A-M(@ — a) . 

4) D is linear. 
5) D is dense; 7.e. vectors in D get arbitrarily close to any vector. 

Thus we can take A(f) to belong to L(D, D), the space of linear mappings 
of D into D, and give the following definition of a field: « A scalar field is a 
distribution on space-time with values in L(D, D) ». 

To complete this definition, we musti ntroduce a notion of continuity. 
For measurable quantities we require that if a sequence f, —>0, then 
lim (Y, A(f,)Y%) = 0. This continuity implies also that of (WY, A(f)®), (weak 


continuity); consequently one can introduce a topology in L(D, D). 


Vector or spinor fields. — In this case we put, for example 


> fi(a)v,(w) dex = vif) 


w=0 


or if T is a distribution with the transformation property 


dim S(o) 
U(a, A) F(a)U(a, A)” = > 8(A™),, TlAe + a) 
B=l 


we set 
ips fa(v) T(x) da = T(f) a 


The transformation property of the test functions is now 


dim § 


hta.ay = XA Yeoh lAn (#—a)) . 
Then the general formula 


U(a, A) T(f)U(a, A)"* = The.) 


is again valid. 


2. — Vacuum expectation values. 


~~ 


From the above assumptions it follows that the following multilinear func- 
tionals exist: (symbols of summation over repeated indices are hereafter 
omitted) 


(Poy Bale)» Tafa) Pe) = [a arses Poo Tee IP 
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By Schwartz’s nuclear theorem this formula has an extension to test functions 
of the form jf, . ,(%1---®n). We also introduce the distributions: 


ae jess (@ Nie Ly) To (Po» E,, .,(%;) ae Loa ae a) ‘<a fh e Tees — Wo) “a Vy 2) e) 


where the last equality follows from the translational invariance as can easily 
be shown. 

It can be shown also that F is bounded in each variable separately. No 
proof as yet has been given that boundedness in-all variables together follows 
from the above assumptions. But we shall make the assumption (or con- 


jecture) that F7:~% can be extended,to S: . . 


Properties of the Fourier transform 
Fe ge (baz acne ) = fexp(—FS 81682 hee "(Dy 1 Dn) 6) == 


If each p, is not in the physical spectrum (see WIGHTMAN - Pages 91-92) 
then G=0. 


8. — Analytic continuation. 


We replace the variables €; by €;—in;. This is then the Laplace trans- 
formation of the distributions 


ee aig 15; esis Ca een =[exp a v i Pil —1;) Gn: A en (Pi oo Pn-1) 5) 


where 7; lies inside the light cone (see Lions, - Pages 54-58). 

F as a function of 2; = &,—in, is then an analytic function in the « tube » 
C._1(21 +.» %,-1) With 7, € future cone. 

Under the orthochronous Lorentz transformations, AeL 


= I eI A) Fa ean en — 1) = ue ee (Aes, eee , Z12)_,) : 
Bn G=1 

We can now continue A into the complex domain too: A will again satisfy 
AGA" = G, but will have complex elements. We denote this group by « complex 
Lorentz group». Then the quantities (Az,,..., A2,-1) define a larger manifold 
which we call the « extended tube» T,_,. We note also that the complex Lo- 
rentz group has only two pieces in contrast to the real Lorentz group which 
consists of four pieces, a fact which is connected with the CPT theorem. 

The following question arises: can we maintain the above transformation 
law if F(Az) and S(A) are continued analytically separately? Using the well- 
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known theorem that if two analytic functions agree on a real domain, and 
have a complex neighborhood of that domain common to their domain of 
definition, they coincide, we can answer the question positively at least in 
the neighborhood of A—/. On can also show that the above transformation 
property holds everywhere on the complex Lorentz group. Thus we have the 
result: « F is analytic and single-valued in the extended tube T,_, ». (*). 

An analytic function invariant under the orthochronous real Lorentz group 
F"%~™ ig actually an analytic function of the Lorentz scalar products 2;-2;,. 
From this fact it is then a trivial matter to see that F is analytic in the ex- 
tended tube ©, _,. However, not all the scalar products are independent, and, 
for large n, it may be advantageous to work with the variables z,,..., z,_, rather 
than with the scalar products. 

There are no real points in the tube @,,. However, the extended tube C’, 
has real points (« Jost-points ») given by the following theorem. 


Bh 


Theorem (Jost: Helv. Phys. Acta, 30, 409 (1957)). — «2,...,2, is a real 


point of , if and only if all vectors > /,2;, with 4, >0, )A;=1 are space- 
like ». wee 

(Yo, T1(a;)... T,(#,)%) is analytic at Jost-points in the sense that it hasa 
convergent power-series expansion. And the knowledge of a vacuum expec- 
tation value in the neighborhood of a Jost-point determines it everywhere. 


4. — Local commutativity. 

We consider for simplicity scalar fields, 

[Ti(x), Tely)]= 0; (*—yP<0. 

This implies that 

PRA a (EE, 4) = FMB (EE TE, EE ELS OU), 
The function on the left hand side is analytic in the region T,_,, while that 
on the right side is analytic in the region P(j, j+1)._, obtained from T_, 
by the transformation: 
Rjy 2; 2-1, 2% >—2;, S44 > 2p t+ 241, Sere, kA F—1,9+1. 
©, and continuing 


Using this equality we can extend F from T,_, to P 


i541 


(*) See D. Hatt and A. 8S. Wicurman: Dan. Mat. Fys. Medd., 31, No. 5 (1957). 
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this process we obtain the following result: 


t 


« Pte? ig analytic in VU PY)T, 
where S, is the permutation group of n objects ». 

We can replace the requirement of local commutativity by that of the 
analyticity in a certain domain. For the three-fold expectation values it turns 
out that the local commutativity for all space-like separations follows from 
local commutativity in a neighborhood of any Jost point. Whether this is 
true for higher order vacuum expectation values is, at present, not known (*). 
However, we have the following 


Theorem (Dyson). — «If weak local commutativity (WLC) holds for 
all space-like separations then the vacuum expectation values are analytic 
for all such points and vice versa ». 


Note: WLC means 


pr “eer ea Casa FP Ens +y —&)« 


5. — Holomorphy domains. Holomorphy envelopes. 


It is a well-known result in the theory of analytic functions (see for example 
BIEBERBACH: Lerhbuch der Funktionentheorie, I1) that given any domain one 
ean find a function f(z) such that it is analytic in the given domain and has 
singularities on the boundary. On the other hand, for functions of several 
complex variables there are domains such that any function analytic inside 
is also analytic in a large domain. Consider a class of functions analytic in 
a domain, then there exists a largests domain to which all these functions can 
be continued analytically. This largest domain is called the « holomorphy 
envelope » of the original domain. 

For a discussion of this idea see BEHNKE THULLEN: Ergeb. der Math. (1931). 

The holomorphy envelope for the domain Ne Dg)T, is computed in G. 


KALLEN and A. 8S. WIGHTMAN: Dan. Mat. Fys. Skr., 1, n. 6 (1958). 


(*). Note added in proof. — It was stated as true in the speaker’s contribution to- 
Colloque sur les Problemes Mathématiques de la Théorie Quantique des Champs. 
(Lille, 1957) but the argument given was insufficient. O. STEINMANN and R. Jos?r 
have recently proved it (private communication). 
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Covariant Formalism of a Field with Indefinite Metric. 


M. FROISSART (*) 
CERN - Genéve 


The aim of this seminar is to try to investigate in a concrete way what 
is the structure of a relativistic field which contains « ghost » states; that is 
to say states with zero norm. 

As we do not know what happens for the case of interacting fields, we 
shall restrict ourselves in the following to the case of free fields, which can 
be thought of as asymptotic parts of a more complicated theory. 


1. — Derivation of a model of « dipole-ghost >) field. 


We have heard from Heisenberg’s lectures what a dipole ghost is, and let 


us recall its fundamental properties. 


There are two states A and B which satisfy the metric relations: 
(1) Ae ea § Lo hs ee. +B. J8 a) 
and satisfy also, H being the Hamiltonian operator, 
(2) HAA HB=EB+CB HA, C constants. 


To get a similar result derived from a canonical formalism, let us start from 
the Lagrangian density of a classical field: 


: ; 7 _ 
(3) L(t) = 5 (e,.qctp— pig") ——— (0.0% crg™ — u*tgtt) , 


24 


which describes two particles with complex conjugate masses. Now, make 
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the transformation: 


(4) = A+ 1B Kae A —iB 
V2 V2 
A2 wie 2 
(5) Liz) = 0, A0“B — RewAB— Imp? (> =) ; 


If now we want to go to the case of uw? real, in order to get the « dipole », it 
is convenient to do the transformation 


A = aA ; [Byes Bn 
a 
so that 
if 2 B 
(6) P(x) = 0,404B — ReptaB— oe (v2.4 =) 


Now let Im yw? +0 in such a way that Im p?a? — 2? and lim Re up? = m?. 
We get finally the Lagrangian which was found first by V. GLASER 


— 
=~] 
— 


L(x) = 0,A(x) C#B(x) — m? A(x) B(x) — 2 Ae) : 


Let us now quantize this field in the usual canonical way. The equations of 
motion are 


(8) (1+ m*)A(a) = 0, (0 + m?) B(x) =—A*A(ar) . 

The commutation relations are derived in the usual way 

(9) [A(x), A(2’)] = [A(@), A(2')] = 0, for t=t' 
so by virtue of (8) 


(10) [Ailey (ar) ete, 
(11) [A(a), Bi@')]=0 and [A(#), B(e')|=—id(x—-2') fort=e 


so that by virtue again of (8): 
(12) [A(z), B(a'y] = 4 A(e— a's m’). 
And we have now the last commutation relation: 


(13) [B(«), B(x')] = [B(a), B(w')] = 0 for t=?’. 
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And it is easy to verify that by (8) and (12) 


(14) [B(e),; Bla’)| = 77? A(x— a’; m2), 


om? 


as we can infer from 


(A+ m?)A(z)=0 that (+m?) Ee Ato] = — A(x). 


Now we can ask for the momentum representation of these fields. Let us 
develop, in agreement with (8): 


ail 
(15) A(%) = aan |) O(k? — m2) exp[— tka] d,k . 


Eq. (10) gives obviously: 
(16) [-A(b), AC) }= 0. 
Now let us write B in the following way: 


(17) B(x) = oan |B) 6(k? — m2) exp [— ika]dyk + B'(x) , 


 (20)8 
and put in accordance with (1): 
(18) [ A(k), B(k')] 6(k? — m2) = e(ky) O(k+ Kk’). 
Then it follows from (12) that [A(x), B’(«#’)]= 0. 
So we can express B’(x) in terms of A(k). 


And it is easy to check that the convenient expression which leads to 
(14) is: 


‘ Ae 2 — ike : 
Be ey = Qn) {a0 ( 9 exp [— ikax] 6(k?— m?) dk 
if we put in accordance with (1) 


* G9) [B(k), B(k’)]=0. 
So that finally: 


— 


20) Be) = 9° | (bw) +2 (=) 40 


ea 3 are linn fe , 
(On | ove m?) exp[— tkx]|d,k . 
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Let us now look for the energy-momentum operator: 


We define it by [P,, A(v)] =—10,A(a), 
[P,,, B(w)] =— 12, Bla). 


And it is most conveniently written in the momentum representation as: 


Ae e(he) ky [40 B—8) + 4, A(t) A(—h)| 8002 — mi) dh. 


4m? 


The nature of the first term is due to the particular nature of the commu- 
tation relation (18). The appearance of the second term is due to the linear 
term in # in the development (20), and gives rise to the particular commu- 
tation relations 


R2 


(22) [P,,A@)]=—8,A();  [P,, BO] =k, | Bln + 


A(k)|, 


which strongly remind us of relations (2). 
These last relations (22) allow us to define a vacuum: it must be the lowest 
eigenvector of P,. So that certainly: 


(23) 0(k,) A(k)|0> = 0 


because otherwise the application of A(k) (k, > 0) would transform it to a 
lower eigenvector. But the condition is less evident for the B(k) operator. 
Anyway let us assume that for some given g, one has: B(q)|0>= 0. Then 
certainly: [P,, B(q)]|0>=0 so that (A2/m?)A(q)|0> = 0 by virtue of (22). 
And therefore gq > 0 because of (23). 
So the only coherent condition we can add to (23) to define the vacuum is: 


(24) (qo) B(q) 


O00 


Now we can pass to the usual formalism of creation and annihilation ope- 
rators and write: 


A(k) = a(kj/2o , B(k) = b(k)\/2@ for kk =o>0, 
A(k) = a*(—k)v/20 , B(k) = b*(— k)\/2@ for kk =—o<0. 


(25) 


This defines only a linear structure of the state vector space. We have to 
define a metric on it. 


To do it, it suffices to define a bra-vacuum <0| by the relations 
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<0\a*(k)= 0, <0|b*(k)=0 and <0|0>=1. We say then that the conjugate 
of any state a*(k,)...b*(q,)...|0> is <O|...b(q,)...a(k,). And we compute the 
scalar products of two vectors by pushing the creation operators to the left, 
and the annihilation operators to the right, as usual. For example, the 
«squared norm » of a*(k)|0> is <0|a(k)a*(k)|0> = 0 and the same for b*(k)|0>, 
but these two vectors are not orthogonal, as <0|a(k)b*(k’)|0> = d(k— k’). 

We define also the pseudo-hermitian conjugate H* of an operator H by 


(yp, Hy) = (y, Hr)? . 


2. — Study of a scattering matrix. Exclusion of the ghosts. 


Let us now assume that the field we have just described is the asymptotic 
part of some theory which contains also other physical particles, which cor- 
respond to the usual metric. Then the total Hilbert space is the direct product 
of the Hilbert space of the ghosts which we have just defined, and of that 
one of the physical particles. 

But if we have an S-matrix, in terms of these asymptotic fields, it will 
not be in general reducible with respect to this direct product; that is to say, 
it will in general transform a physical state in a mixture of physical and ghost 
states. And that is a great trouble because if we compute the transition pro- 
bability from a state p to a state y, it is: 


| (pSy) |? 
(pp) (py) 


and if py is a ghost, it may happen that (yy) <0 and it is physically not 
understandable to have a negative probability. 

To avoid this unphysical result, we shall try the following procedure, which 
is essentially what is done by Heisenberg in his treatment of the Lee-model: 
we can avoid any unphysical result if we can restrict the space of final states 
to a space with positive (semidefinite) metric. But to compensate these re- 
strictions, we can allow the initial state to be in a space larger than the phy- 
sical vector state space, with the condition that the metric in that space be 
also positive. 

So we are led to the following problem: 

Can one find a subspace of the total Hilbert space which satisfies the 
conditions: 


a) it has a positive (perhaps semi-definite) metric; 


b) to each physical state, one can associate a vector of it, which con- 
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tains the physical state vector, and has the same norm, and which is trans- 
formed by the S-matrix in a vector of the same space. 


Such a Hilbert space we call H,, the rest of the initial Hilbert space is 
called A,. 

We can do this separation only in the Hilbert space of ghost states, and 
then do the direct product with the Hilbert space of physical particles. 

Let us now consider two necessary conditions on H,: 


1) All vectors of H, except the vacuum, which represents the physical 
particles, have zero norm. They are all orthogonal to each other. 


2) The energy-momentum operator must transform H, into itself, so 
that the definition of H, is invariant under translations. 


Let us study these two conditions in the Fock representation. 
In the case of one ghost, the most general state vector is: 


Jrseray + y(k)b*(k)|OS dk. 


The norm of it is: 
| [p*(k) p(k) + p*(k) p(k) ] dk , 


so that to be sure that it has zero norm and that it is orthogonal to all others 
we have to take either all y(k) = 0 or all w(k)= 0. This second condition is 
not invariant by translation, because 


: ye 
P, { p()D*(H) [Oak == [9 nh) Se one a*(k)|dk|0>. 


So the only choice in this sector of the Fock representation is: 


[ocearae anor EH,. 


Likewise, if we have 3 ghosts, we have 4 independent amplitudes, abbreviated 
as a, a* b*, a*h* wand sot, 

Of these a** and b** are not orthogonal and a*, a*b™ Here But P, 
transforms a** into itself, a*°b* into a mixture of a*°b* and a** and so ae 
So the only choice we can make is a** and a**b e H,. For the odd numbers 
of ghosts, the separation between H, and H,, is unique: all states which con- 
tain more a* operators than b* operators belong to H,. 

For an even number, it is almost the same rule, with only a slight com- 
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plication for the case of equal numbers of a* and b*. We have to adopt a 
criterion in that subspace which tells us how to do the separation, and this 
criterion is in a very large measure arbitrary. We shall not discuss it here, 
as it does not change sensibly the main lines of the argument. 

Now, how can we derive from the formal, pseudo unitary S-matrix as 
physical one, which is unitary? 

Let us start from an initial physical state |i> and add to it an arbitrary, 
yet undetermined |z;> vector of H, with zero norm. All physical results. 
are left unchanged by this addition. Apply then to |i>+|2,> the S-matrix, 
we get in general the sum of three vectors: |f> which is physical |z,> 
has zero norm and belongs to H, and |//,» which belongs to H,, 

Now the problem is to determine |z;» in such a way that |/7,> vanishes, 
so that |f> then represents a physical state, which has the same properties 
of norm and energy as |f>+|2,. That we can in general do, because of a 
formal conservation of energy momentum: it will perhaps appear in the ghost 
matrix elements of the S-matrix some derivations of the 6-functions of the 
total momentum, due to the particular nature of the dipole-ghost, but for 
any finite energy process, a finite number of ghosts can enter, so that the 
condition that |//,>=0 is expressed as a finite number of equations on the 
initial arbitrary vector |z,>. And one can convince oneself that this finite 
number of equations is the same as the number of arbitrary functions we 
have in |z,> because for each number of particles, there are as many ampli- 
tudes in H, as in H,,. So that one can hope that there is a unique result. 

This procedure determines therefore |f> in terms of |i>. And as these two 
vectors are physical, and as the norm and the energy are equal, there is a 


which 


- matrix § which is unitary, so that §|i)=|f> for all i. This matrix has the 


properties of a physical S-matrix. 


3. — Case of complex masses. 


The Lagrangian (3) gives rise, following the canonical procedure, to a dif- 
ferent kind of ghost field, namely to a field where all states have complex 
energies. The spectrum in energy is symmetrical with respect to the real axis, 
and each state with complex energy has zero norm, but is not orthogonal to 
that with conjugate complex energy. In terms of commutation relations it 
gives, 


[P, a*(k)] = k,a*(k) , [P_,, b*(k)] = kib*(k) , 


[a(k), a'(k')]=0, [b(k), b*(k’)] = 0, [a(k), b*(k')] = o(k— k’), 
where a*, b* are some convenient creation operators, and 


=k, k=VB +, B= Vet. 
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Of course it is impossible in such a formalism to define, even formally, an 
S-matrix, because of the appearance of divergent real exponentials in time. 

A method in order to get a physical S-matrix is the following (it is due 
to G. KALLEN and W. PAUvti): let us consider the U-matrix referring to a 
finite interval of time U(7T,—T). It is, at least formally, well defined, as 
in any other field theory, because the presence of exponentials here does not 
lead to any trouble, 7 being finite. 

Then we define as Hilbert space I all those states which have their energy 
in the upper half-plane, for example, and Hilbert space IT the states which 
have it in the lower halfplane. 

Now we can, at least formally, write down the same equations which we 
have written above, that is: 


(AT peer 


This procedure works perfectly well in the non-relativistic case, where we 
have a finite number of ghost states. But here the trouble is that in a rela- 
tivistic theory, there are always an infinity of ghost states possible, as we 
cannot use for a finite time the conservation of energy, as we did for the dipole 
case in order to limit the number of amplitudes which one has to take into 
account. 


4. — Conclusions. 


We have seen in this study that the idea of ghosts can be associated in a 
coherent way to a covariant formalism of free fields. As we have interpreted 
them as in- or outgoing fields, we have seen that it is possible to eliminate 
them of the physical results, but it seems that, if one has to do explicit cal- 
culations in any more concrete theory, it would be much easier to handle the 
dipole ghosts than the exponential ghosts. 
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Report and Comment on F. Giirsey’s 
« Group Structure of Elementary Particles ». 


W. PAvuLiy and B. ToUscHEK 


The contribution of W. Pauvtt to this report was not intended for publication, 
however, it was decided to publish it, in the form in which the talk was given, as 
a document of His last activities. 


1. — Introduction (PAULI). 


The fields of all the particles are to be constructed from the minimum 
number of fields. We want the answers to the questions: how do spin and 
iso-spin interplay, and is it reasonable to extrapolate iso-spin to the leptons? 
Is it possible that the electron mass is purely electromagnetic, with no con- 
tribution from other interactions? If this is the case, y,; invariance would 
mean that the cle:tromagnetic mass is also zero; this raises doubts as to the 
possibility of this. 


Scheme A. — The basic fields are 3 four-component spinors, two leptons 
and one baryon. This can account for the continuous group, but fails to 
incorporate C and P (which are discontinuous groups) for strong interactions. 
Schemes B and © have 4 four-component spinors, but these give too many 
particles. 


Scheme D. — Mixed model. 


v 2-component (iso-singlet) spinor, 
A four-component (iso-singlet) spinor, 
k,k, isodoublet scalar meson. 


The elementary particles are compound states of these fields. Perhaps this 
scheme is less convincing, as it does not relate invariance under isotopic rota- 
tions to the invariance of the fields, and because the connection with my 

transformations for Dirac-fields with zero mass is here lost. 
4 This treatment is group-theoretical and says nothing about the interactions. 
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Scheme A. — Let L=+(1+y;), R= 4(1—y,;) and let e, V be lepton tields 
and A the baryon field. Write ¢, for Le. 
Introduce the 2x2 matrices / and @ 


Nie (Ve eS) ’ C= (— iO2€ 5) id,V,) 


and the notation 


Et = gto 


Form now the Lorentz invariant matrix 0= F@. 
Two Lorentz-invariant rotation groups may now be defined 


(I) PPR: 6a @, 
(II) PSF, G > GQ, 


where R and Q are unimodular and unitary: R= exp[io-t], Q = exp [io-w]- 
However, GURSEY does not show that this exhausts the possibilities. Com- 
bining the two 3-dimensional rotations gives a 4-dimensional rotation 


6 —> ROO, 6 +> QO6R, 6+ + QO+R, 


and Tr (69) is invariant. 
The elements of 6 represent four spin-zero boson fields 


} go —& cc! (Gta Aa 
Oo = ee,, Of == Ee, , a=( F ane a= (7. be 
Oo ee We ae 
One can identify (I) with the iso-spin group, and 0+, 0° behave as isospinor 


bosons. Gtrsry liked (II) also, as it agrees with the 4-dimensional idea of 
Gell-Mann and Schwinger. 


Iso-vector Boson. — This is constructed out of the matrix 6 
@-o = 3(00'— 6°60) = 00° 3 Troe" 
iso-scalar boson and baryons: 
© = } Tr (60°) 
is an isoscalar boson. Baryons are obtained by combining § with A. The 
barion gauge is given by A exp [ib] A. 


Parity 
for the leptons , 


eas A, => Ne for the baryons. 
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bo 
i=) 
I 


Under P,, @ transforms as 


P,6 =—6* 


so that the roles played by transformations I and II are interchanged under 
P,. The groups I and II do not commute separately under parity, only the 
_ group with R=@ does. 


' 2. — Lack of parity conservation in strong interactions. 
The fields 9 are not parity eigen-states, 
rl O)* say Oey 6 —>— (6*)* 6° > — (6°)*. 


Constructing the ® we see that its components are not eigen-states of 
parity; we can find eigen-states of parity which do not form an iso-vector. 
This is the main result, due to the fact that the only rotation groups available 
{I and IT) that can serve as the iso-group and hypercharge group, do not com- 

mute with parity. CP is good however. 


The alternative scheme A’ where the Majorana condition is imposed on », 
but not ¢, has the same difficulty. The leptons work easily; but the scheme 
appears arbitrary. The paper will repay investigation as to the completeness 
of the solutions found. Of special interest is the question: do other rotation 
groups also exist? 


3. — A generalization of the Pauli group (TOUSCHEK). 
I want to discuss the symmetry properties of an assembly of n Majorana 
fields w(v) ((=1,...,). In the first part of the discussion I shall only con- 
sider the continuous symmetry groups which one can have for such an as- 
sembly; in the second part I would like to add some comments on GURSEY’s 


work reported by PAULI. 
The Majorana fields are defined by (*) 


(1) ue (@) = we) , 


where the ~ indicate Hermitian conjugation and I shall consider a g-number 


(*) I use Majorana’s y-gauge defined by y= y,; yi = y,; for (i=1, 2,3) y¥ = — 7. 
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theory in which the canonical commutation relations are 


(2)  {uela), tale") } = 20a0(@— ar") . 


The symmetry group to be discussed is defined by the following requirements = 


(I) It commutes with the proper Lorentz group. 
(II) It does not involve the coordinates. 


(IIT) It is canonical, i.e. it leaves (2) invariant. The most general group 
which satisfies this requirement is 


(3) p' = exp[A+i8y, |. 


The indices i, k have been suppressed. A is a real antisymmetric nxn 
matrix, and S is a real symmetrical n xn matrix. The requirement (I) has as a 
consequence that of all the Dirac y-matrices only I and y; occur; (II) is 
obviously satisfied and (III) is responsible for the fact that A must be anti- 
symmetric and S symmetric. It follows immediately from (3) that the group 
has n? parameters. 

For n=1 it reduces to the lepton gauge: 


(4) b= exp[iy;S]u, 


in which S is a real number. 
For n= 2 it is the Pauli group for a 4-component spinor. For if 0,000 
are 3 Pauli matrices we have: 


(5) Ava 4 650 5 S = 61+.a0,+ vos. 
The formal identity with the Pauli group is immediately seen if we put 


(6) Y = lh — Ue , yt = p+ the. 


Then we have 


EE ieet Hs) (He) 2 so bibip SRD 
ov =(; 0) (fe) = (e wt Ae SOY 


and similarly 


oY =—Yy, O3y = 


Expressed in terms of 4-component spinors the group is then defined by 


(7) yp’ = exp [idy;]-exp [iB] (ap + bysy*) , 
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where a= cosa cosy—isinasiny and b=sinacosy+icosasiny with ob- 
viously a?+b?=1 and this is exactly the Pauli-group. 

In the case n= 4 (which corresponds to the case of neutrons and pro- 
tons, or also to the set of lepton spinors introduced in Giirsey’s A-scheme) 
we have a group of 16 parameters and it is not likely to find a correspondingly 
high symmetry in nature. 

This suggests that one should study subgroups of (3) defined by suitable 
supplementary conditions. I shall here consider the subgroup which satis- 
fies postulates (I), (II), (III) and in addition allows the definition of a mass 
operator. I shall assume that the masses are equal. The subgroup then consists 
of all the members of (3) which leave 


(8) M = py,Xpu 


invariant. The equality of masses then has the consequence that ¥?—1 (i.e. that 
X has only eigenvalues + 1). If M+0 it follows from the commutation rela- 
tions (2) that 


(9) Mee X , 


i.e. that X is a symmetrical matrix. For M to be Hermitian it must also be 
real. It is now immediately seen that (8) imposes the condition 


(9) Pe 0 SSO. 


It there follows that for n=1 the group is empty. For n=2 X can be 
chosen to be 1, or 0, or o3;. If X=1 we remain with the gauge transfor- 
mation y’=exp[if]y, for X= o,, S=o,; we remain with p’=yp cosy -+ ty;° 
‘sinyy+ with the single parameter y and for Xe, we have S= ,, which also 
leaves us with one parameter «. 

The case n= 4 deserves special attention for two reasons: it corresponds to 
the neutron proton situation and it is the case which in Giirsey’s discussion 
leads to the parity difficulty which has been explained in the previous talk. 

In this case as in the case n=2 we dispose of an algebra which allows 
us to give an explicit representation of the matrices A and S. Set J, /},..., 
Li1.I,0,= I, be 16 Dirac matrices (Majorana gauge for simplicity). Then A 
must be a superposition with real coefficients of the 6 matrices 


ws» (Be ee Lal's D3L, , LL; ; il’; 
and S a sum of the 10 matrices 
I; I, La, LPs Wl, Wl,, WL; WL, UL, sts. 


The operator XY must belong to the same set as S. 
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Let me first consider the case Y= 1. We then have S=0O and A arbi- 
trary. The group has 6 Parameters and is isomorphic to the rotation group 
in 4-dimensions, which can be represented as the product of 2 commuting 
unitary groups, the generators of which are J, [;, —il,/;, for the one 
and —il,l,, —w3,l,, —i2,I, for the other. To make the argument 
more explicit and put ourselves into a position to give a physical interpretation 
for the case of, say, a neutron-proton system, we can use open products of 
two Pauli matrices @ and t to define A. The most general form of A is then 


(10) td" ang anges 
with 


A, = 1(4T10. + Bel + yTs02) 5 
(11) . 
A, = U(a'T201 + B’ 02 + A'T20s) - 


If we interpret the o’s as the matrices with the properties 0,Y%—=—i¥", 
oY =Y and o,¥=Y"* (applied to an 8 component spinor, we may write) 


(12) exp [A,]Y = exp[t(at, + Bt, + yts)]¥ 


and the group A, can be interpreted as the isotopic spin group. The other 
group A, then has the following significance. Consider infinitesimal transfer- 
mations, then 


(13) | SW = it,(— ial + yt ope. 


The f’ component is a gauge transformation under which neutrons and protons 
transform in the same way. The group A, bears the same relation to baryons 
conservation which A, bears to charge conservation. 

We now show that this group does not allow the construction of sopeegee 
which are invariant under the proper Lorentz group. For, let 


a) We ra yprryy ? 


where y is a combination of y, and yyy;, be an isovector. Under (13) this goes 
into V,=V, + (—ia’+y')ptr,rtyt + hermitian conjugate; if we require V.=V, 
we must have (t,t2y)’=(t,ty). But since (1,t2)" = 7,72 it follows that y7=y 
but this is only true for vectors (y= y.y,) or tensors (yv=yaiy,y,]) in ordinary 
4-space. 
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As long as the condition X?—=—1 is satisfied all the conclusions derived for 
X = TI hold for arbitrary X. This has been pointed out by J. 8S. BELL whose 
argument I follow. 

We first observe that the transformation 


(15) p= Ru = (1+ 2) + ty,(1 — 2))u 


is a canonical transformation (though not necessarily belonging to the group 
(3), which does not contain reflections). R satisfies Rt+R=TJI. It is now ob- 
vious that 


(16) My Xp = ply: 


it follows that if under the group e*’ transforms into eu’, «4 must transform 
into Rte*Ru. We therefore have a one to one correspondence between the 
« mass conserving » groups belonging to two arbitrary mass operators Y, and _X, 
provided that X}= X;=1. 

This is of course in complete agreement with Giirsey’s result, which appears 
as a Special case of the theorem: In a theory with two basic 4-spinors which 
admits the formation of a scalar isoscalar it is impossible to form an isovector 
which transforms as a scalar under the proper Lorentz group. 
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